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DISTORTIONS OF ASYMPTOTIC CONFIDENCE SIZE IN LOCALLY
MISSPECIFIED MOMENT INEQUALITY MODELS

BY FEDERICO A. BUGNI, IVAN A. CANAY, AND PATRIK GUGGENBERGER'

This paper studies the behavior, under local misspecification, of several confidence
sets (CSs) commonly used in the literature on inference in moment (in)equality mod-
els. We propose the amount of asymptotic confidence size distortion as a criterion to
choose among competing inference methods. This criterion is then applied to com-
pare across test statistics and critical values employed in the construction of CSs. We
find two important results under weak assumptions. First, we show that CSs based on
subsampling and generalized moment selection (Andrews and Soares (2010)) suffer
from the same degree of asymptotic confidence size distortion, despite the fact that
asymptotically the latter can lead to CSs with strictly smaller expected volume under
correct model specification. Second, we show that the asymptotic confidence size of
CSs based on the quasi-likelihood ratio test statistic can be an arbitrary small fraction
of the asymptotic confidence size of CSs based on the modified method of moments
test statistic.

KEYWORDS: Asymptotic confidence size, moment inequalities, partial identification,
size distortion, uniformity, misspecification.

1. INTRODUCTION

IN THE LAST COUPLE of years, there have been numerous papers in econo-
metrics on inference in partially identified models. Many of these papers fo-
cused on inference on the identifiable parameters in models defined by mo-
ment (in)equalities of the form

(1.1) EFOm]-(I/Vi, 90) > 0 for ]Z 1, ooy Py
Egmj(W;,6)) =0 for j=p+1,...,p+v=k,

where 6, € O is the parameter of interest, {m;(-, 6?)};‘:1 are known real-valued
functions, and {W;}_, are observed independent and identically distributed
(i.i.d.) random vectors with joint distribution F. See, for example, Imbens and
Manski (2004), Chernozhukov, Hong, and Tamer (2007), Romano and Shaikh
(2008), Andrews and Guggenberger (2009b, AG from now on), and Andrews
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and Soares (2010).> As a consequence, there are currently several different
testing procedures and methods to construct (1 — ) level confidence sets (CSs)
given by

(1.2) CS,={0€0:T,(0) <c, (6,1 —a)},
where 7,(0) is a generic test statistic for testing the hypothesis
(1.3) Hy:00=0 versus H;:0,+# 6,

and ¢,(0,1 — «) is the critical value of the test at nominal size «. Different
CSs (i.e., different combinations of test statistics and critical values) have been
compared in the literature in terms of asymptotic confidence size and asymp-
totic power properties (e.g., AG, Andrews and Soares (2010), Bugni (2010),
Canay (2010), and Andrews and Jia Barwick (2012)).

In this paper, we are interested in the relative robustness of CSs with respect
to their distortion in asymptotic confidence size when moment (in)equalities
are potentially locally violated.> We consider a parameter space F, of (6, F)
that includes local deviations with respect to the original model in Eq. (1.1).
The space F,, in turn, enters the definition of asymptotic confidence size of
CS, in Eq. (1.2), that is,

(1.4) AsySz = liminf(e 1Fr)1f Pry p(T,(0) <c,(0,1 —a)),
n—00 L F)eFn

where Pry r(-) denotes the probability measure when the true value of the pa-
rameter is 6 and the true distribution is F. Intuition might suggest that infer-
ence procedures with relatively high local power in correctly specified models
suffer from relatively high distortion of asymptotic confidence size in locally
misspecified models. While this intuition is supported by several of our results,
the main contributions of our paper show that the new robustness criterion
can lead to conclusions that go well beyond such intuition. First, we show, un-
der mild assumptions, that CSs based on subsampling and GMS critical values
suffer from the same level of asymptotic size distortion, despite the fact that
the latter can lead to CSs with strictly smaller expected volume under cor-
rect model specification (see Andrews and Soares (2010)). Second, we show
that, under certain conditions, the asymptotic confidence size of CSs based on
the quasi-likelihood ratio test statistic can be an arbitrary small fraction of the
asymptotic confidence size of CSs based on the modified method of moments
test statistic.

2Additional references include Pakes, Porter, Ho, and Ishii (2005), Beresteanu and Moli-
nari (2008), Rosen (2008), Fan and Park (2009), Galichon and Henry (2009), Stoye (2009),
Bugni (2010), Canay (2010), Romano and Shaikh (2010), Galichon and Henry (2011), Bontemps,
Magnac, and Maurin (2012), and Moon and Schortheide (2012), among others.

3Different types of local misspecification in moment equality models have been studied by
Newey (1985), Kitamura, Otsu, and Evdokimov (2009), and Guggenberger (2012), among others.
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The novel notion of robustness proposed in this paper may provide ad-
ditional discriminatory power between inference methods relative to local
asymptotic power comparisons (e.g., Theorem 3.1). Consider testing the null
hypothesis in Eq. (1.3), where local power is the limit of the rejection probabil-
ity under a sequence of parameters that belongs to the alternative hypothesis
and approaches the null hypothesis. Local power comparisons involve com-
puting rejection probabilities of different tests under the same sequence of local
alternatives. The test with higher limiting rejection probability under a given
sequence is said to have higher local power against such particular local alter-
native. In the context of local misspecification, these local sequences typically
belong to the parameter space F, that determines the asymptotic confidence
size in Eq. (1.4). The derivation of asymptotic confidence size then involves
computing rejection probabilities under all sequences of parameters in F, and
searching for the one that leads to the highest limiting rejection probability (re-
ferred to as the worst local sequence). As a result, the worst local sequence for
one test might be different than the worst local sequence for a rival test, mean-
ing that the behavior of these tests under the same sequence of local alternative
parameters is insufficient to describe distortions under local misspecification.
In other words, the analysis of robustness we propose is more complex than a
local power analysis, as it involves finding the worst case sequence in F, (in-
cluding local alternatives) for each of the test procedures under consideration.

The motivation behind the interest in misspecified models stems from the
view that most econometric models are only approximations to the underly-
ing phenomenon of interest and are therefore intrinsically misspecified. The
partial identification approach to inference allows the researcher to conduct
inference on the parameter of interest without imposing assumptions on cer-
tain fundamental aspects of the model, typically related to the behavior of eco-
nomic agents. Still, for computational or analytical convenience or to obtain at
least partial identification of the parameter of interest, the researcher has to
impose certain other assumptions, that are typically related to functional forms
or distributional assumptions.* Here we will not discuss the nature of a certain
assumption, but rather we will take the set of moment (in)equalities as given
and study how different inferential methods perform when the maintained set
of assumptions is allowed to be violated (i.e., when we allow the model to be
misspecified).

The paper is organized as follows. Section 2 introduces the model and testing
procedures, and provides an example that illustrates the nature of misspecifica-
tion in our framework; Section 3 presents the theoretical results; and Section 4
concludes. The Appendix contains technical definitions, assumptions, and the
proofs of the theorems and main lemma. The Supplemental Material (Bugni,

4See Manski (2003) and Tamer (2012) for an extensive discussion on the role of different
assumptions and partial identification. Also, Ponomareva and Tamer (2011) discussed the impact
of global misspecification on the set of identifiable parameters.



1744 F. A. BUGNL I. A. CANAY, AND P GUGGENBERGER

Canay, and Guggenberger (2012)) includes auxiliary results and their proofs,
the proof of Corollary 3.1, an additional example, verification of the assump-
tions in examples, and Monte Carlo simulations.

Throughout the paper, we use the notation & = (hy, h,), where h; and h,
are allowed to be vectors or matrices. We also use K? = K x --- x K (with
p copies) for any set K, oo, = (400, ..., +00) (with p copies), 0, for a p-
vector of zeros, I, for a p x p identity matrix, R, = {x e R:x >0}, R} ;o =
R, U{+o0}, R, = R U {+00}, and R,,, =R U {£o0}.

2. LOCALLY MISSPECIFIED MOMENT (IN)EQUALITY MODELS

There are several CSs suggested in the literature whose asymptotic confi-
dence size is at least equal to the nominal size. We consider CSs as in Eq. (1.2),
which are determined by the choice of a test statistic 7,,(6) and a critical value
¢,(0,1 — ). The test statistics include modified method of moments, quasi-
likelihood ratio, and generalized empirical likelihood statistics. Critical values
include plug-in asymptotic (PA), subsampling (SS), and generalized moment
selection (GMS) implemented via asymptotic approximations or the bootstrap.

To assess the relative advantages of these procedures, the literature has
mainly focused on asymptotic size and power in correctly specified models.
Bugni (2010) showed that GMS tests have more accurate asymptotic size than
subsampling tests. Andrews and Soares (2010) established that GMS tests are
as powerful as subsampling tests for all sequences of local alternatives and
strictly more powerful along certain sequences of local alternatives. In turn,
subsampling tests are as powerful as PA tests for all sequences of local al-
ternatives and strictly more powerful along some sequences of local alterna-
tives. Andrews and Jia Barwick (2012) compared different combinations of
test statistics and critical values and provided a recommended test based on
the quasi-likelihood ratio statistic and a refined moment selection critical value
that involves a data-dependent rule for choosing the GMS tuning parameter.
Additional results on power include those in Canay (2010). In this paper we are
interested in ranking the resulting CSs in terms of asymptotic confidence size
distortion when the moment (in)equalities in Eq. (1.1) are potentially locally
violated. The following example is an illustration.

EXAMPLE 2.1—Entry Game: Consider the following game. Firm / € {1, 2}
enters a market i € {1, ..., n} whenever its profits after entry are positive. As-
sume the profit function is given by 7, ;(6;,, W_; ;) = u;; — ,W_,; ;. Here W,; =1
or 0 denotes “entering” or “not entering” market i by firm /, respectively, the
subscript —/ denotes the decision of the other firm, the nonnegative continu-
ous random variable u,;; denotes the monopoly profits of firm / in market i,
and 6, € [0, 1] is the profit reduction incurred by irm [ if W_,; =1. If W, =0,
then 7, ; = 0. Thus, entering is always profitable for at least one firm.

Define W, = (W, ;, W,,;) and 6, = (6, 6,). There are four possible outcomes
in each market: (i) W; = (1, 1) is the unique (Nash) equilibrium if u,; > 6,
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for I =1,2, (ii)) W; = (1, 0) is the unique equilibrium if u;; > 6, and u,; < 65,
(iii) W; = (0, 1) is the unique equilibrium if u; ; < 6; and u, ; > 6,, and (iv) W; =
(1,0) and W; = (0, 1) are both equilibria if u;; < 6, for [ =1, 2. Assuming u ~
G for some bivariate distribution G, the model implies

(2.1) Pr(W;=(1,0)) < Pr(uy; < 6:) = G1(6y),
Pr(W;=(1,0)) = Pr(u;; > 6, and u,; < 6,) = G»(6)),
Pr(W;=(1,1)) =Pr(u; > 0, and u, ; > 6,) = G3(6,),
where the functions G1(6,), G»(60y), G3(8,) are implicitly defined as functions
of G. Therefore,
(2.2) Er,m(W,, 00) = Eg [G1(60) — Wy i(1 —W,)] >0,
Ermy(W;, 00) = Eg [W,:(1 = W,;) — G2(0p)] = 0,
EF0m3(VVi, ) = EFU[VVl,iVVz,i — G3(00)] =0,
where F, denotes the true distribution of W; compatible with the joint distribu-
tion of u;.
To do inference on 6y, the researcher assumes G is the joint distribution of
the unobserved random vector u;.> Now suppose that the data come from a

local perturbation of the hypothesized model. For example, suppose that u; ~
G,, where G, is such that

(2'3) |Gj(60)_Gn,j(00)| Srjn71/27 j=172a37

for some r = (r,r,13) € Ri, and G, ;(60,) is defined as G;(6,) above when
u; ~ G, rather than u; ~ G. Denote by F, the true distribution of W, that
is compatible with the true joint distribution of u; ~ G,. Then, combining
Egs. (2.1) and (2.2), we obtain

(2.4) Ep,mi(W;, ) = Er,[G1(600) — Wy ;,(1 =W, )] > —nn'?,
Ep,my(W,, 6y) = Ep, [W1;(1 = W,;) — G2(0p)] > —rn 2,
|Er,ms (W, 60)| = |EF,,[I/VI,1‘VVZJ - G3(90)]| <rn'2

Thus, under the distribution F,,, the moment conditions may be locally violated
at 00.6

>Note that to make inference on 6y, the researcher is forced to make an assumption on G, as 6,
and G are not jointly identified. That is, without an assumption on G, 6, is simply not identified.
For simplicity, the true value 6, was not indexed by n even though our analysis below allows
for this possibility. However, we assume throughout that the distribution G does not depend on #.
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REMARK 2.1: Note that the parameter 6, in the example has a meaningful
interpretation independently of the potential misspecification of the model of
the type considered above. However, as demonstrated, if the researcher as-
sumes an incorrect distribution for the profits, the moment (in)equalities are
potentially violated for every given sample size n at the true 6,. The assump-
tion of correct specification by the researcher of the distribution of u; is very
strong; it is therefore of critical importance to assess how robust (in terms of
distortion in asymptotic size) the competing inference procedures are when
the assumption fails.

Example 2.1 illustrates that local misspecification in moment inequality
models can be represented by a parameter space that allows the moment con-
ditions to be “slightly” violated, that is, slightly negative in the case of inequal-
ities and slightly different from zero in the case of equalities.” We capture this
idea in the definition below, where m(W,, 0) = (m,(W,, 0), ..., mi(W;, 0)) and
(6, F) denote generic values of the parameters.

DEFINITION 2.1—Sequence of Parameter Spaces With Misspecification: For
each n € N, the parameter space F, = F,(r, 5, M, ¥) is the set of all tuplets
(6, F) that satisfy
(2.5) i 6€0,

(ii) o;j(H)Epmj(W,-, 0)>—rin'?, j=1,...,p,
(i) |op (OEm (W, 0)| <rn™'?, j=p+1,...k,
(iv) {W}., areiid.underF,
) 07;(0) =Varg(m;(W;, 0)) € (0,00), j=1,...,k,
(vi)  Corrp(m(W,, 0)) e ¥, and
(vii)  Eplmj(W, 0)/or ()P <M, j=1,...,k,
where ¥ is a specified closed set of k x k correlation matrices (that may depend

on the test statistic; see below), M < oo and § > 0 are fixed constants, and
r=(r,...,r) €RE.

Relative to the space F = F,(0;, 6, M, ¥) in AG and Andrews and Soares
(2010), the sequence of parameter spaces with misspecification depends on n
and the “upper bound” on the local moment (in)equality violation r. The def-
initions are essentially the same, with the exception of conditions (ii) and (iii),

"Example S1.1 in the Supplemental Material provides another illustration of this representa-
tion.
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which are modified to account for possible local model misspecification. We
use

(2.6) r*=max{r, ..., r}
to measure the amount of misspecification.

REMARK 2.2: The parameter space in Eq. (2.5) includes the space F, which
is the set of correctly specified models. The theorems in the next section con-
tinue to hold if we alternatively define F, enforcing that at least one mo-
ment (in)equality is strictly locally violated. For example, one way of doing
this is to add the restriction UE}(Q)Eij(W, ) = —r;n~"/* with r; > 0 for some
j=1,..., k.

The existing literature on inference in partially identified moment (in)-
equality models shows that several inference procedures achieve AsySz > 1 —«
when r* = 0. In this paper, we are interested in comparing these inference pro-
cedures when there is local misspecification (i.e., r* > 0). In particular, we are
interested in ranking the procedures according to their distortion in asymp-
totic confidence size, defined as max{1 — a« — AsySz, 0}. Before doing this, we
present the different test statistics and critical values in the next subsection.

REMARK 2.3: Alternatively, one could focus on the asymptotic size distor-
tion of the tests for the null Hy: 6, = 6. The asymptotic size in that case
would involve a supremum with respect to F while keeping 6 fixed, that is,
limsup, .. SUpg. g pyer, Pro.r(1,(0) > ¢,(0, 1 — a)). Analytically, studying such
a quantity is less complex than studying AsySz, as in the former case 6 is fixed
at a particular value, while in the latter case § may depend on #.

2.1. Test Statistics and Critical Values

We now present several test statistics 7,,(6) and corresponding critical val-
ues ¢,(0,1 — «) to test the null hypothesis in Eq. (1.3) or, equivalently, to
construct a CS as in Eq. (1.2). Define the sample moment functions #1,(6) =
(M, 1(0), ...,m, (60)), where

Q7m0 =n"Y miW,0) for j=1,... k.
i=1

Let EA,,(Q) be a consistent estimator of the asymptotic variance matrix of
n'?m, (6). Under our assumptions, a natural choice for this estimator is

28)  S(0=n" > (W, 0) = 1, () (m(W;, 6) — 17, (6)) .

i=1
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The statistic 7,(0) is defined to be of the form 7,(0) = S(n"*m,(6), 3,(0)),
where S is a real-valued function on R, x R x V. that satisfies Assump-
tions A.1-A.3 below and V,,, is the space of k x k covariance matrices. We
now describe two popular choices of test functions. The first test function S is
the modified method of moments given by

» k
29)  Sim, 3= [my/olt+ Y (m;/o)?,

j=1 Jj=p+1

where [x]_=xI(x <0),m=(my,...,m;), and a-j2 is the jth diagonal element
of 3. For S, ¥ = ¥, in condition (vi) of Eq. (2.5), where ¥, is the set of all k x

k correlation matrices. Letting &3, ;(0) be the jth diagonal element of ZA,,(G),
the function S; leads to the test statistic

P k
(210)  Tyu(0) =1y [, (0)/G (OF + 1Y (17,,1(6)/5,,(0))°.

Jj=1 j=p+1

The second test function is a Gaussian quasi-likelihood ratio function de-
fined by

211)  S(m,3) = inf (m—1t)>"'(m—1).

. 14
t:(llyov)»t1€R+’+o@

This function requires 3 to be nonsingular, that is, ¥ = ¥, , in Eq. (2.5), where
Y, ={3 € ¥:det(2) > ¢} for some ¢ > 0. The function S, leads to the test
statistic

(212) T, (6)= inf  (n"27,(0) — 1) 3,(0) " (", (0) — 7).

o cRP
1=(t1,0p):0 €RY | oo

The functions S; and S, satisfy Assumptions A.1-A.3 that are slight general-
izations of Assumptions 1-4 in AG to our setup.

We next describe three main choices of critical values. Assuming the limit-
ing correlation matrix of m(W;, 6) is given by (2 and that * =0 (i.e., correct
specification), it follows that

(213)  T,(0) >4 S(Q'*Z + hy, 0),

where Z ~ N (O, Iy), hy is a k-vector with A, ; =0 for j > p and h, ; € [0, o]
for j < p (for details see Lemma S1.1 in the Supplemental Material), and
02 denotes a lower triangular matrix such that 2 = 0220"Y%, Ideally, one
would use as critical value the 1 — a quantile of S(Q2'?Z + hy, ), denoted by
cn (£2,1 — a), or, at least, a consistent estimator of it. However, 4; cannot be
estimated consistently (see AG), and so some approximation to ¢, ({2,1 — «)
is necessary.
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Under the assumptions in the Appendix, the asymptotic distribution in
Eq. (2.13) is stochastically largest over distributions in F (i.e., correctly speci-
fied models) when all the inequalities are binding (i.e., hold as equalities). As
a result, the least favorable critical value can be shown to be ¢y({2, 1 — «), the
1 — a quantile of S(N'?Z,0) (i.e., h; = 0,).® PA critical values are based on
this “worst case” and are defined as consistent estimators of ¢,({2, 1 — «). Let

D, (0) = Diag(3,,(6)) and define
(2.14)  Q,(0)=D;"2(6)3,(0)D;">(0).

The PA test rejects H, if 7,,(60) > co(_(}n(e), 1 — «), where the PA critical value
is

(215)  c(2,(6),1— ) =inf{x € R:Pr(S(2,(6)*Z, 2,(0)) < x) = 1 —a},

and Z ~ N (0, I;) with Z independent of {W;}1,.

We now define the GMS critical value introduced in Andrews and Soares
(2010). To this end, let £,(0) be defined as &,(0) = «;,'D;'*(0)n'*m,(6),
for a sequence {k,}>>, of constants such that k, — 0o as n — oo at a suit-
able rate, for example, k, = (2Inlnn)'?. For every j =1,..., p, the realiza-
tion &, ;(0) is an indication of whether the jth inequality is binding or not.
A value of ¢, ;(6) that is close to zero (or negative) indicates that the jth in-
equality is likely to be binding. On the other hand, a value of &, ;(0) that is
positive and large indicates that the jth inequality may not be binding. As a
result, GMS tests replace the parameter /; in the limiting distribution with
the k-vector ¢(£,(0),2,(0)), where ¢ = (¢1,...,¢,,0,) € Rﬁm] is a func-
tion chosen by the researcher that is assumed to satisfy Assumption A.4 in the
Appendix. Examples include ¢;(¢, (2) = ool (&¢; > 1), where we use the con-
vention 000 =0, ¢;(&, 2) =max{¢;,0},and ¢;(§,2)=¢;forj=1,..., p(see
Andrews and Soares (2010) for additional examples). The GMS test rejects H
if T,(0) > ¢,., (6,1 —a), where the GMS critical value is

(2.16) &, (6,1 — ) =inf{x e R:Pr(S(2/%(6)Z
+0(£,(0), 2,(0),2,(0) <x) =1 -a},

and Z ~ N (0O, 1) with Z independent of {W;}1_,.

Finally, we consider subsampling critical values (see Politis and Romano
(1994), Politis, Romano, and Wolf (1999)). Let b, denote the subsample size
when the sample size is n. Throughout the paper, we assume b, — oo and
b,/n — 0 as n — oo. The number of different subsamples of size b, is g, (with
i.i.d. observations, g, = n!/((n — b,)'b,!)). The subsample statistics used to

8We write ¢o(£2, 1 — a) rather than ¢y, (£2, 1 — ) for ease of notation.
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construct the subsampling critical value are {T,,,, ,(6)},, where T, , ((6) is
a subsample statistic defined exactly as 7,,(0) is defined, but based on the sth
subsample of size b, rather than the full sample. The subsampling test rejects
H, if T,,(0) > C,4,(0, 1 — ), where the subsampling critical value is

(217)  éup, (8,1 —a)=inf{x e R:U,p,(8,x) > 1—a},

and U, (0, x) denotes the empirical distribution function of {7, ,(6)}"",.

Having introduced the different test statistics and critical values typically
used in the literature, we devote the next section to the analysis of the asymp-
totic confidence size of the different CSs under the locally misspecified models
introduced in Definition 2.1.

3. DISTORTIONS OF ASYMPTOTIC CONFIDENCE SIZE

We divide this section into two parts. First, we take the test function S as
given and compare how the resulting CSs based on PA, GMS, and subsam-
pling critical values perform under local misspecification. In this case we write
AsySz,,, AsySzq,s, and AsySzy for PA, GMS, and subsampling CSs, respec-
tively, to make explicit the choice of critical value. Second, we take the critical
value as given and compare how CSs based on the test functions S; and S, per-
form under local misspecification. In this case we write AsySz!" and AsySz.”,
for [ € {PA, GMS, SS}, to denote the asymptotic confidence size of the CSs
based on test functions S; and S, respectively.

3.1. Comparison Across Critical Values

The following theorem presents the main result of this section, which pro-
vides a ranking of PA, GMS, and subsampling CSs in terms of asymptotic con-
fidence size distortion. To keep the exposition as simple as possible, we present
and discuss the assumptions and technical details in the Appendix.

THEOREM 3.1: Assume that the parameter space is given by F, in Eq. (2.5),
0 < a < 1/2, and that S satisfies Assumptions A.1-A.3. For GMS CSs, assume
that (&, Q) satisfies Assumption A.4, and that k, — oo and k,'n'’* — oco. For
subsampling CSs, suppose b, — oo and b, /n — 0.
(i) It follows that AsySz,, > AsySzss and AsySz,, > ASySzgys. By further as-
suming Assumption A.6, we have that AsySz, <1 — a for all | € {PA, GMS, SS}.
(ii) Suppose that Assumption A.5 holds and k;;'n'/*/b}/* — oco. It then follows
that AsySzes = ASYSZgys-

Assumptions A.1-A.4 are slight modifications of the corresponding assump-
tions in AG and Andrews and Soares (2010). Assumptions A.5 and A.6 are
introduced in this paper and ensure that the parameter space is large enough.
These two new assumptions are mild, and we verify them for two leading ex-
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amples in the Supplemental Material under weak primitive conditions. Under
a reasonable set of assumptions, the theorem implies

(3.1) ASySz;ys = ASySzgg < AsySzp, < 1 —a

This equation summarizes several important results. First, it shows that, under
local misspecification and mild conditions, all of the inferential methods are
size distorted, that is, as the sample size grows, CSs may under-cover the true
parameter. Second, the equation reveals that PA CSs suffer the least amount
of distortion in asymptotic confidence size. This is expected, as this CS uses the
most conservative critical value among GMS and subsampling, treating each
inequality as binding without using information in the data.

Equation (3.1) also shows that GMS and subsampling CSs suffer from the
same amount of distortion in asymptotic confidence size. This result illustrates
a situation where a robustness analysis provides discriminatory power between
tests (used to construct CSs) that supplements the local power analysis. One
key difference between local power and size robustness that provides impor-
tant insight lies in the type of local sequences that a local power and a robust-
ness comparison involve.” Andrews and Soares (2010) showed that GMS tests
are as powerful as subsampling tests along any sequence of local alternative
parameters, and strictly more powerful than subsampling tests along some se-
quences of local alternative parameters. More precisely, for any local sequence
of alternative models {6,, F,},51, it follows that

(3.2) lim Pr, 7 (T,(8,) < &, (0., 1 — @)
= lim Prén,Fn(Tn(én) = én,b,,(éna 1- CY)),

and with strict inequality for some local sequences. As true parameter se-
quences in a misspecified model typically include sequences of local alterna-
tives for correctly specified models, one might then suspect that this result
would translate into GMS CS having strictly larger distortion in asymptotic
size than the subsampling CS. However, Eq. (3.1) shows that this is not the
case. Even though the GMS and subsampling CSs differ in their asymptotic be-
havior along certain sequences of locally misspecified models, these sequences
turn out not to be the relevant ones for the computation of the asymptotic
confidence size, that is, the ones that attain the infimum in Eq. (1.4). If we
let {67, F'},-, denote a worst sequence for GMS and {6,, I:",Z},,zl denote a worst
sequence for subsampling, our result in Theorem 3.1 states that

(3.3)  lim Pry s (T4(6}) < G, (6}, 1 — @)

= lim Pr;, 7 (7,(0,) < &,5,(6,, 1 — @)).

For simplicity, in the following discussion we refer to sequences rather than subsequences.



1752 F. A. BUGNL I. A. CANAY, AND P GUGGENBERGER

Thus, along the sequences of locally misspecified models that minimize their
respective limiting coverage probability, the two CSs share the value of the
asymptotic confidence size. Note that both tests are compared along the same
sequence in Eq. (3.2), while they are compared along possibly different se-
quences in Eq. (3.3). This is one of the reasons why the robustness properties
of a test do not follow directly from its local power properties.

Combining Theorem 3.1 with the results regarding power against local al-
ternatives in Andrews and Soares (2010) (and their implication for the ex-
pected volume of the corresponding CSs), our results indicate that GMS CSs
are preferable to subsampling CSs: there can be a reduction in expected vol-
ume under correct specification without an associated increase in the distortion
of asymptotic confidence size when the model is locally misspecified.

3.2. Comparison Across Test Statistics

In this section, we analyze the relative distortions in asymptotic confidence
size of CSs based on the test functions $; and S, defined in Egs. (2.9) and
(2.11), respectively. The next theorem states the results formally.

THEOREM 3.2: Assume that the parameter space is given by F, in Eq. (2.5)
and 0 < a < 1/2. For GMS CSs, assume that ¢ (&, (2) satisfies Assumption A.4
and that k, — oo and k;;'n'’* — oco. For subsampling CSs, suppose that b, — 0o
and b,/n — 0.

(i) There exists B > 0 such that, whenever r in the definition of F, in Eq. (2.5)
satisfies r* < B, we have AsySz," > 0 for all | € {(PA, GMS, SS}.

(ii) Suppose that Assumption A.7 holds and that r in the definition of F, is
such that r* > 0. Then, for every m > 0, there exists an ¢ > 0 in the definition of
Y, . such that AsySzf) <nforalll € {PA, GMS, SS}.

There are several important lessons from Theorem 3.2. First, it follows that
the asymptotic confidence size of the CSs based on ; is positive for any criti-
cal value, provided the level of misspecification is not too big, that is, r* < B.'
Second, it follows that the test function S, leads to CSs whose asymptotic con-
fidence size is arbitrarily small when ¢ in ¥, is small enough. That is, the
asymptotic confidence size of CSs based on the test function S, is severely af-
fected by the smallest amount of misspecification, while CSs based on the test
function S; have positive asymptotic confidence size. Combining these two re-
sults, it follows that there exist B > 0 and ¢ > 0 in ¥, , such that, whenever
r* e (0, B],

(3.4)  AsySz” < AsySz)”, [e{PA,GMS,SS}.

10Section S4 in the Supplemental Material contains additional intuition as to why this is re-
quired.
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It is known from Andrews and Jia Barwick (2012) that tests based on S, have
higher power than tests based on Sy, so intuition suggests that Eq. (3.4) should
hold. However, Theorem 3.2 goes beyond this observation by showing that the
cost of having a smaller expected volume under correct specification for CSs
based on S, can be an arbitrarily low asymptotic confidence size under local
misspecification.

REMARK 3.1: Under certain conditions, the generalized empirical likeli-
hood test statistics are asymptotically equivalent to 7, ,(6) up to first order
(see AG, Canay (2010)), and so the asymptotic confidence size of CSs based

on such test statistics is equal to AsySz” in Theorem 3.2.

Theorem 3.2 presents an analytical result regarding the relative amount of
distortion in asymptotic confidence size for different test functions. We now
quantify these results by numerically computing the asymptotic confidence size
of the CSs based on S, and S, using the formulas provided in Lemma B.1.
Table I reports the cases where p € {2,4, 8,10}, k = p, ¢ € {0.10, 0.05}, and
r* € {0.25, 0.50, 1.00}. Table I shows that the asymptotic confidence size of CSs
based on S, is significantly distorted even for relatively high values of ¢ (i.e.,
e =0.10). For example, when p =2 and r* = 0.5, the asymptotic confidence
size for the test function S is 80.8%, while the asymptotic confidence size for
S, is 12.4% or lower. As suggested in Theorem 3.2, the asymptotic confidence
size for S, is always significantly below the one for S, and very close to zero for
r*>0.50."

TABLE I

ASYMPTOTIC CONFIDENCE SIZE (IN %) FOR CSS BASED ON THE TEST FUNCTIONS §; AND S,
WITH A PA CRITICAL VALUE AND a = 5%?

AsyCS() ACSp
) r AyCS)  £=0.10  £=0.05 P r* AyCSh)  £=010  £=0.05
2 0.25 88.8 63.3 40.4 8 0.25 84.1 72.3 63.1
0.50 80.8 12.4 0.8 0.50 64.2 26.7 8.4
1.00 52.9 0.0 0.0 1.00 7.2 0.0 0.0
4 0.25 87.4 57.7 21.6 10 0.25 82.5 71.7 65.9
0.50 74.7 5.9 0.0 0.50 59.2 29.9 11.8
1.00 22.8 0.0 0.0 1.00 5.6 0.0 0.0

4The numbers above were computed using the explicit formula for AsySz provided in Eq. (B-1) of Appendix B and
the infimum with respect to (2 for S and S, was carried out by minimizing over 15,000 random correlation matrices
in ¥y and ¥, , respectively.

Tn Table I, the asymptotic confidence size decreases as p grows. This is clear for S; but less
clear for S,. The reason is that finding the worst possible correlation matrix becomes substantially
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Two aspects related to the second part of Theorem 3.2 are worth mentioning.
First, if we modify the test function S, so as to admit any matrix in the space of
all correlation matrices ¥; (even singular ones), the result still holds. That is,
suppose that, for ¢ > 0, we define the test function

(35)  S.m, 3= inf  (m—0t)3'(m—1),

. p
1=(t1,0p):1 €RY |

where 3, = 3 + max{e — det({2), 0}D, D = Diag(2), and £2 = D"'23D~',
The function S, . is well defined on ¥; and leads to the test statistic

(3.6) Ty ,n(0) = inf (n'?m,(0) — t)’Sg,n(e)*l(nl/zmn(e) — 1),

t=(11,00):t1€RY |

where SE,,,(O) is a consistent estimator of 56. This new test function coincides
with S, when the determinant of the correlation matrix is at least g, but it
changes the weighting matrix when (2 is singular or close to singular. By con-

struction, 3, has a determinant bounded away from zero. Letting AsySz>*

denote the asymptotic confidence size of CSs based on Sz,g, the next corollary
to Theorem 3.2 follows.

COROLLARY 3.1: Suppose the assumptions in Theorem 3.2 hold and that
r* > 0. Then, for every n > 0, there exists an ¢ > 0 in the definition of S, . such

that AsySz\>? < n for all | € {PA, GMS, SS}.

Second, Assumption A.7 is sufficient but not necessary for the result in The-
orem 3.2 when p > 2. Assumption A.7 requires that at least one inequality
moment restriction in Eq. (1.1) is violated and strongly negatively correlated
with another inequality moment restriction that is either violated or equal to
zero. When p = 2, it can be shown that this is actually a necessary condition
to obtain the second part in Theorem 3.2. In the general case, there are alter-
native ways to make the parameter space large enough,'? but Assumption A.7
has the additional advantage of making the optimization problem in Eq. (2.11)
tractable. Having said this, we interpret the second part of Theorem 3.2 as
a warning message. Unless the researcher is certain that it is impossible for
inequality moment restrictions that are violated to be strongly negatively cor-
related with each other or with other inequality moment restrictions that are

more complicated as the dimension increases, and so, for p > 8, the results reported are relatively
optimistic for S,. The Supplemental Material explains this computation in detail.

21n Examples 2.1 and S3.1, there are two inequality moment restrictions that are restricted in
a way that when one is negative, the other one is necessarily positive. However, in Example 2.1,
this restriction is no longer present when there are more than two firms and the model includes
additional covariates.
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binding, the asymptotic confidence size of CSs based on S, could be extremely
distorted.

4. CONCLUSION

This paper studies the behavior, under local misspecification, of several CSs
commonly used in the literature on inference in moment inequality models.
The paper proposes to use the amount of distortion in asymptotic confidence
size as a criterion to choose among competing inference methods, and shows
that such a criterion may provide additional discriminatory power to supple-
ment local asymptotic power comparisons. In particular, we show that CSs
based on subsampling and GMS critical values suffer from the same level of
asymptotic size distortion, despite the fact that the latter can lead to CSs with
strictly smaller expected volume under correct model specification. We also
show that the asymptotic confidence size of CSs based on the quasi-likelihood
ratio test statistic can be an arbitrary small fraction of the asymptotic confi-
dence size of CSs based on the modified method of moments test statistic.

APPENDIX A: ADDITIONAL DEFINITIONS AND ASSUMPTIONS

To determine the asymptotic confidence size in Eq. (1.4), we calculate the
limiting coverage probability along a sequence of “worst case parameters”
{0, Fu}us1, with (0, F,) € F,,Vn € N. See also Andrews and Guggenberger
(2009a, 2009b, 2010a, 2010b). We start with the following definition. Note that
any lemma or equation that starts with the letter “S” is included in the Supple-
mental Material.

DEFINITION A.1: For a subsequence {w,},-; of N and & = (hy, h,) € R’fm X
¥, we denote by

(A_l) Yon,h = {Hwn,h’ F“’”’h}nzl

a sequence that satisfies (i) v, € F,, for all n, (ii) o207  (04,1) X
Epwmhmj(I/I/,-, 0w,.n) — hyjfor j=1,..., k, and (iii) Corrpwn’h(m(Wi, Ouwpn)) —
h, as n — oo, if such a sequence exists. Denote by H the set of points
h = (hy, hy) € RE_ x ¥ for which sequences {y,,,5}.=1 exist.

Denote by GH the set of points (g;, #) € R | x H such that there is a sub-
sequence {w,},-; of N and a sequence {7y, ;}.>1 that satisfies'

(AD) DL (Bun) Ery (W Bu) = 1)

B3The definitions of the sets H and GH differ somewhat from the ones given in AG. In par-
ticular, in AG, GH is defined as a subset of H x H, whereas here £, is not repeated. Also, the
dimension of 4, in AG is smaller than here, as vech, (4,) is replaced by /,. We adopt this con-
vention to simplify the notation.
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for j=1,...,k, where g, = (g1.1,.-.,81.k). Denote such a sequence by
{yggﬁgi?b.y ITH the set of points (m, h) € R’iw x H such that there is a
subsequence {w,},-1 of N and a sequence {v,,, ,}.-1 that satisfies

(A3) ! wi/za;‘jmh,j(meh)EFwn,hmj(W,», O i) = 1

for j=1,...,k, where = = (m4,...,m ). Denote such a sequence by
{an,wl,h}nzl'

Our assumptions imply that elements of H satisfy certain properties. For
example, for any & € H, h, is constrained to satisfy 4, ; > —r; for j=1,..., p
and |h, ;| <rjfor j=p+1,...,k, and h; is a correlation matrix. Note that
the set H depends on the choice of S through ¥. Note that b/n — 0 implies
that if (g1, ) € GH and h, ; is finite (j =1, ..., k), then g, ; = 0. In particular,
g, =0for j > p by Eq. (2.5)(iii). Analogous statements hold for I1H. Finally,
the spaces H, GH, and I H for a hypothesis testing problem (see Remark 2.3)
are defined analogously for a sequence vy,,, » = {0, F,,,.1}.>1, Where 6 is fixed at
the hypothesized value.

Lemma B.1 in the next section shows that worst case parameter sequences
for PA, GMS, and subsampling CSs are of the type {Vuiluz1> {Yonmhln=1s
and {vy.,¢,.n1n=1, respectively, and provides explicit formulas for the asymptotic
confidence size of various CSs.

DEFINITION A.2: For h = (hy, hy), let J, ~ S(hY*Z + hy, h,), where Z =
(Zi, ..., Z) ~ N(O, I;). The 1 — a quantile of J,, is denoted by ¢;, (h,, 1 — ).

Note that cy(/,, 1 — ) is the 1 —a quantile of the asymptotic null distribution
of T,(6) when the moment inequalities hold as equalities and the moment
equalities are satisfied.

The following Assumptions A.1-A.3 are taken from AG, with Assumption 2
slightly strengthened. Assumption A.4(a)—(c) combines Assumptions GMS1
and GMS3 in Andrews and Soares (2010). Assumptions A.5-A.7 are new.

ASSUMPTION A.1: The test function S satisfies
(a) S((my, m}), 3) is nonincreasing in my, ¥V(m,, m}) € R? x R" and matrices
3 € Viwks
(b) S(m,3) =S(Am, AZA) for all m € R*, 3 € R** and positive definite
diagonal matrix A € R,
(c) S(m, Q) >0forall m e R* and Q € ¥, and
(d) S(m, Q) is continuous at all m e R}, x R* and € V.

ASSUMPTION A.2: For all hy € [—r;, 0], X [—rj,rj]j.;PH, all Q € ¥, and

Z ~ N (O, ), the distribution function (d.f.) of S(Z + hy, ) at x e Riis
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(a) continuous for x > 0,

(b) strictly increasing for x > 0 unless p = k and h, = 0o, and

(c) less than or equal to 1/2 at x =0 when v>1 or when v=0and h,; =0
forsome j=1,..., p.

ASSUMPTION A.3: S(m, 2) > 0if and only if m; <0 forsome j =1, ..., p,or
m;#0forsome j=p+1,...,k, where m= (my,...,my)and 2 e V.

ASSUMPTION A.4: Let £ = (&1,...,¢&).Forj=1,..., p,we have
(a) ¢;(&, Q) is continuous at all (£,0Q) € (R} ., xRy, ) x ¥ forwhich ¢; €
{0, oo},
(b) @;(&,2)=0forall (£,02) e (RY xRy ) x ¥with & =0,
(€) ¢;(é,2)=o00forall (£,02) e (RY xRy ) x ¥ with ¢ = o0,
(d) @;j(&,02)>0forall (£,02)e R o xRy ) x ¥with & > 0.

ASSUMPTION A.5: For any sequence {Y.,. g, n}n=1 in Definition A1, there exist a
subsequence {®,},-1 of N and a sequence {7, z n}n=1 Such that g, € Rf‘m satisfies
g, j=00owhen h,j=o0cforj=1,...,p.

ASSUMPTION A.6: There exists h* = (hj, h}) € H for which J:(co(h5,1 —
o) <1—a.

ASSUMPTION A.7: Let 5, (&) € R** be an identity matrix except for the (1, 1)
and (I',1) components that are equal to —«/1 — ¢ for some 1,I' € {1,..., p}.
There exists h € H such that h,; <0, h;y <0, min{hy, hiy} <0, and h, =
Ev(e) forsomel,l' e {1,..., pywithl#1.

Assumption 4 in AG is not imposed because it is implied by the other as-
sumptions in our paper. More specifically, note that by Assumption A.1(c),
(2,1 —a) > 0. Also, h; =0, and Assumption A.2(c) imply that the d.f. of
S(Z, Q) is less than 1/2 at x = 0, which implies ¢y({2,1 — «) > 0 for a < 1/2.
Then, Assumption A.2(a) implies Assumption 4(a) in AG. Regarding Assump-
tion 4(b) in AG, note that it is enough to establish pointwise continuity of
¢({2,1 — @) because, by assumption, ¥ is a closed set and trivially bounded.
In fact, we can prove pointwise continuity of ¢, (2,1 — «) even for a vector
hy with h, ; =0 for at least one j=1,..., k. To do so, consider a sequence
{,},>1 such that 2, — () for an {2 € ¥ and a vector h; with A, ; =0 for at
least one j =1, ..., k. We need to show that ¢, (£2,,1 — @) = ¢, (2,1 — o).
Let Z, and Z be normal zero mean random vectors with covariance matrix
equal to (2, and (2, respectively. By Assumption A.1(d) and the continuous
mapping theorem, we have S(Z, + hy, 2,) —4 S(Z + hy, 2). The latter im-
plies that Pr(S(Z, + hy,,) < x) = Pr(S(Z + hy, 02) < x) for all continuity
points x € R of the function f(x) =Pr(S(Z + hy, 2) < x). The convergence
therefore certainly holds for all x > 0 by Assumption A.2(a). Furthermore, by
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Assumption A.2(b), f is strictly increasing for x > 0. By Assumption A.2(c) and
a < 1/2, it follows that ¢;, ({2, 1 — @) > 0. By an argument used in Lemma 5(a)
in AG, it then follows that ¢, (£2,, 1 —a) = ¢, (2,1 — ).

Note that S; and S, satisfy Assumption A.2, which is a strengthened ver-
sion of Assumption 2 in AG. Assumption A.3 implies that S(oco,, £2) =0 when
v = 0. Assumption A.5 makes sure the parameter space is sufficiently rich.
Assumption A.6 holds by Assumption A.2(a) if there exists #* € H such that
Jie(co(hy, 1= @) <J o (co(h;, 1 —a)). Also note that by Assumption A.1(a),
an h* € H as in Assumptlon A.6 needs to have hj; < 0 for some j < p or

1 ; # 0 for some j > p. Assumptions A.5 and A.6 are verified for the two lead
examples in Section S4 of the Supplemental Material. Assumption A.7 guaran-
tees two things. First, it guarantees that at least two inequalities in Eq. (1.1) are
violated (or at least, one is violated and the other one is binding) and negatively
correlated. Second, it guarantees that there are correlation matrices with zeros
outside the diagonal except at two positions. This second part of the assump-
tion simplifies the proof significantly, but it could be replaced with alternative
forms of correlation matrices.

APPENDIX B: PROOF OF THE THEOREMS AND MAIN LEMMA

LEMMA B.1: Consider CSs with nominal confidence size 1 —a for 0 < a < 1/2.
Assume the nonempty parameter space is given by F, in Eq. (2.5) for some r € R,
6 >0, and M < oco. Assume S satisfies Assumptions A.1-A.3. For GMS CSs,
assume that ¢ (&, Q) satisfies Assumption A4, k, — 0o, and k,'n'* — co. For
subsampling CSs, suppose b, — oo and b, /n — 0. It follows that

(B-1)  AsySzpy = inf  Ji(co(hy, 1~ a)),
o

hy)eH
AsySzqs
e[ inf Jileq(i =), int Ji(cx(hnl=)] and
(m1,h)ellH ,h)ellH
AsySZSS—( II)lprJh(Cgl(hz, ))>

where J,(x) = P(J,, < x) and =, w* € ]R’jroc, with its jth element defined by

;= ool () > 0) and ﬂ-f’*j=ool(7'rl,, =00),j=1,..., k.

PROOF: For any of the CSs considered in Section 2.1, there is a sequence
{0, Fulo=1  with  (6,,F,) € F,, VYn € N such that AsySz =
liminf,_, o Pry, £, (7,(0,) < c,(6,,1 — @)). We can then find a subsequence
{w,}n>1 of N such that

(B-2)  AsySz= lim Pry,, 5, (T.,(0.,) <o, (0u,, 1 —a))
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and condition (i) in Definition A.1 holds. Conditions (ii) and (iii) in Defini-
tion A.1 also hold for {0,,,, F.,}.=1 by possibly taking a further subsequence.
That is, {0,,,, F.,}»>1 is a sequence of type {v,, ntn=1 = {0w,.n> Fo, nin=1 for a
certain h = (hy, hy) € Rf‘m x W. For GMS and SS CSs, we can find subse-
quences {w,},>1 (potentially different for GMS and SS CSs) such that the worst
case sequence {0,,, F,,},>1 is of the type {Vu, =,.atn=1 OT {Vur g1 ntn=1-

Therefore, to determine the asymptotic confidence size of the CSs, we only
have to consider the limiting coverage probabilities under sequences of the
type {Yo,.nln=1 for PA, {yo, = n}n=1 for GMS, and {v,, ¢ 1}s=1 for SS. From
Lemma S1.1 in the Supplemental Material, the limiting distribution of the
test statistic under a sequence {Ye, i}n=1 18 J5 ~ S(Zy, + hy, hy). By Assump-
tion A.1(a), for given h,, the 1 — a quantile of J, does not decrease as A, ;
decreases (for j=1,..., p).

PA Critical Value. The PA critical value is given by co(fzz,w,,, 1 — «), where
(B-3)  hyyy =00, (00,)

and 2,(0) = (Dy(6))"V23,(6)(D,(6))~/2. From Eq. (S2.2)(iii), we know that
under {0,,.5, Fo,.n}u>1, We have fzz,wn —, h,. This, together with Assump-
tion A.1, implies Co(ilz,wn, 1 —a) —, cy(h,y,1 — a). Furthermore, by Assump-
tion A.2(c), ¢o(hy, 1 — @) > 0, and by Assumption A.2(a), J;, is continu-
ous for x > 0. Using the proof of Lemma 5(ii) in AG (and its subsequent
comments), we have Pr, (7T,,(0,,) < co(fzz,mn, 1—a))— Ju(cp(hy, 1 —a)),
and therefore also lim,,_, o, Pr,, . (T,,(0,,) < co(fzz,wn, 1—a))=Jy(cy(hy,1—
a)). As a result, AsySz,, = J,(co(hy, 1 — «)) for some h € H, which im-
plies AsySz,, > infjcyJy(co(ha, 1 — @)). However, Eq. (B-2) implies that
AsySz,, = infjcy lim, o Pr,, (T,,(0,,) < co(fzz,wn, 1 — «)). This expression
equals infj,_, nyen Jn(co(ha, 1— «)), completing the proof.

GMS Critical Value. To simplify notation, we write {vy,,} = {0.,, F.,} in-
stead of { Ve, m.ntnz1 = {Ow, a5 Fon,m n}n=1. Recall that the GMS critical value
Comny (Buns 1 — @) is the 1 — a quantile of S(2Y2 Z 4 ¢ (€., (Buns H2.0,))s 2,0,
for Z ~ N (O, Ii). We first show the existence of random variables ¢}, and ¢’
such that, under {v,,},

(B-4)  Cupny, (Bus 1 —@) =l = Cor (B, 1 — ),

Conrion (Bun> 1 — @) < Cif =, e (B, 1 — ).

We begin by showing the first line in Eq. (B-4). Suppose ¢, (h2, 1 — a) = 0:
then, ¢,, ., (00,,1 —a) = 0 = cwf(hz,l — «) under {y,,},>1 by Assump-
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tion A.1(c). Now suppose Cw;(hz, — a) > 0. For given m € ]R and for

+,00

(£,0) e RF x W, let ¢*(&, 2) be the k-vector with jth component given by

¢i(§, ), ifm;=0and;<p,
(B-5)  @j(§,02) = | oo, ifm;>0andj<p,
03 lf]:p+1,..,k

Define ¢’ as the 1 — « quantile of S(h;/i Z+ ¢ (gwn(em,,, hz on))s hz wn)- AS
@ > @, it “follows from Assumption A.1(a) that €l < Copkuy (0w,> 1 —a) almost
surely (a.s.) [Z] under {y,,,},>1. Furthermore, by "Lemma 2(a) in the Supple-
mental Material of Andrews and Soares (2010), we have ¢}, —, Cart (hy,1 — )
under {v,,}.=1. This completes the proof of the first line in Eq. (B-4).

Now consider the second line in Eq. (B-4). Suppose either v > 1 or v=0
and 7" # 00,,. Define

min{o? (Pj(§7 Q)}’ ifﬂ-l,j<ooandj§pa
(B'6) ¢7*(§)‘Q)= ¢](§7 Q): lfﬂ-l,jZOoand.lfpa
0, ifi=p+1,...k

and define ¢}’ as the 1 — & quantile of S(h'/2 Z+ ¢**(é,,(0.,, hz on))s hz wn)
Note that the definition of @7 (&, 2) implies that ®;" < ¢;. The same steps as in
the proof of Lemma 2(a) of Andrews and Soares (2010), can be used to prove
the second line of Eq. (B-4). In particular by Assumption A.4, ¢** (&, 2) —
o** (1, £2y) for any sequence (&, (2) € ]R x ¥ for which (¢, 02) — (1, £2y)
and Q) e V.

Suppose now that v =0 and 7" = oo,,. It follows that cwf*(hz, 1—a)=0,by
Assumption A.3, and that 7; = oo,. In that case, define ¢} = C,, «,, (0o, 1
a), which converges to zero in probability because by Assumptron A3, m =

»» and by Assumption A4, 0 < S(hé/i Z+ ¢(&,,(0,,, hy on))s h, von) = 0.

Thrs implies the second line in Eq. (B-4).

Having proven Eq. (B-4), we now prove the second line in Eq. (B-1). Con-
sider first the case (4, h) € II H such that c,,f(hz, 1 — «) > 0. It then follows
from Eq. (B-4) and Lemma 5 in AG that

(B-7)  liminfPr, (7., (0s,) < Cuy k(00,1 —))

+00

<liminfPr, (T.,,(6.,) < c**;)

=Jh(c‘n'i‘*(h27 1- a))

Likewise, liminf, . Pr, (7,,(0,,) < Cu, iy, (00,1 — @) > Jn(Car(hy, 1 —
a)).

Next, consider the case (7, h) € I H such that c, (hz, 1 —a) =0. By As-
sumptron A.2(c) and a < 1/2, this implies v = 0 and > 0 for all j =
1,..., p. By definition of 7, it follows that 7, ; > 0 forall j=1, ..., p and so,
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K, — oo implies /; = oo,. Under any sequence {Y.,, x,,i}n>1 With h = (00, h,),
we have
) = oy (B> 1 — @)

> liminfPr,, (T,,(0.,) <0)=J,(0)=1,

n— 00

n

(B-8) 1> liminfPr,, (7.,(6.

where we apply the argument in Eq. (A.12) of AG for the first equality
and use Assumption A3 for the second equality. Therefore,
liminf, . Pr,, (T,,(0.,) < Co,.x,, (0u,» 1 —a)) =1. Note that when h; = o0,
Jn(c) =1 for any ¢ > 0. The last statement and Eqs. (B-2), (B-7), and (B-8)
complete the proof of the lemma.

Subsampling Critical Value. Instead of {y.,, ¢, 1}n=1 = {Ow,.g.> Forngnn=1, WE
write {y,,} = {0.,, F.,} to simplify notation. We first verify Assumptions A0,
B0, C, D, EO, E and GO in AG. Following AG, define a vector of (nuisance)
parameters y = (1, 2, ¥3), where y; = (0, F), y1 = {UE],-(B)Eij(Wi, 9)}§(=1 €
R¥, and vy, = Corrp(m(W,;, 0)) € R for (0, F) introduced in the model de-
fined in (2.5). Then, Assumption A0 in AG clearly holds. With {vy,,, »},-1 and
H defined in Definition A.1, Assumption BO then holds by Lemma S1.1. As-
sumption C holds by assumption on the subsample blocksize b,. Assumptions
D, EO, E, and GO hold by the same argument as in AG, using the strengthened
version of Assumption A.2(b) and (c) for the argument used to verify Assump-
tion F. Therefore, Theorem 3(ii) in AG applies with their GH replaced by our
GH and their GH* (defined on top of Eq. (9.4) in AG), which is the set of
points (g1, h) € GH such that, for all sequences {7y, g, n}n>1

(B-9) li};llglfPr'Ywn,gl,h (T‘wn (Own,gl,h) 5 Cwn,hw,Z (011),,,g1,h; 1 - OZ))
= Jh(cgl(hb 1- (X))

By Theorem 3(ii) in AG and continuity of J, at positive arguments, it is then
enough to show that the set {(g1, h) € GH \ GH*; ¢y, (h,, 1 — @) = 0} is empty.
To show this, note that, by Assumption A.2(c), ¢, (h2, 1 — a) = 0 implies that
v =0, and by Assumption A.1(a), it follows that c;, (h,, 1 — @) = 0. Using the
same argument as in AG, namely the paragraph including Eq. (A.12) with their
LB, equal to 0, shows that any (g, h) € GH with ¢, (h,;,1 — a) =0 is also in
GH*. Q.E.D.

PROOF OF THEOREM 3.1:

Part 1. Note that, for & € H and «, — 00, there exists a subsequence {w,},>1
and a sequence {Y., = n}n=1 fOr some m € Rk, with m,;>0forj=1,...,p
and m; =0 for j = p +1,..., k. By definition, 7;* > 0. Assumption A.1(a)
then implies that c¢y(/,,1 — @) > c,,f*(hz, 1 — @) and so AsySz,, > AsySzqys-
The result for subsampling CSs is analogous. Finally, note that AsySz,, =
infy_ny nyyen Jn(co(hay 1 — @) < Jpe(co(h3, 1 —a)) <1 -
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Part 2. First, assume (g, h) € GH. By Assumption A.1(a), AsySzy >
AsySz,,s follows from showing that there exists a (m, h) € ITH with 7} >
gljforall]_l ,p. We have g, ;>0 for j=1,...,p and g, ; =0 for
j=p+1,... k. By deﬁnltlon there exists a subsequence {w,}n>1 and a se-
quence {ymn,gl,h}nzl Because «,'n'/?/bY/* — oo, it follows that there exists a
subsequence {v,},-1 of {w,},=1 such that, under {y,, ¢, .n}n=1

(B-10)  «,'v 0 | (0u,0)Er,, m;j(Wis 0,0) = 1,

for some 7, ; such that, for j=1,...,p, m;=o00if g ; >0 and m; > 0 if
g&,;=0,and 7 ; =0 for j = p+1,..., k. This proves the existence of a se-
quence {Vy, « ntu=1. For j=1,..., k, if m ; = oo, then by definition 7" = oo,
and if 7 ; > 0, then > 0. Therefore, T > 81 forall j=1,..., p, and so
AsySzgq > ASYSZys-

Second, assume (1, h) € ITH so that {y,, » n}s>1 exists. To show AsySzy <
AsYySzZ,s, it is enough to show that there exists {vya, .z .1}s=1 such that i =
&, for j=1,..., k. Note that it is possible to take a further subsequence
{Un}n=1 Of {w,},=1 such that, on {v,},-1, the sequence {v.,, = 1}=1 1S a sSequence
{Von.e1.1}n=1 fOr some g; € R¥. By Assumption A.5, there then exists a sequence
{Yan.z1,n}n=1 fOr some subsequence {@,},-1 of N and a g; that satisfies g, ; = oo
when h;; =00 and g, ; >0, for j=1,...,k. Clearly, for all j=1,..., p for
which A, ; = oo, this implies 7} ; < g, ; = oo. In addition, if /; ; < oo, it follows
that mm; ; = 0 and thus, by definition, 7} ; =0 < g, ;. Thatis, for j=1,..., k, we
have that 7] ; < g, ; and, as a result, Asysts < AsSySzgs- This cornpletes the
proof. Q.E.D.

PROOF OF THEOREM 3.2:
Part 1. By Lemma B.1,

(B-11) AsySzgg,[S>( inf Pr(Si(hy?Z + hi, hy) < o (a2, 1 — @),

,h)ellH

where Z ~ N (O, I1.), hy € Wy, Cpr (hz, 1—a) is the 1 — & quantile of Sl(hl/zZ+
@y, hy), and 7rf is defined in Lemma B.1. Recall that

P k
(B-12)  Sy(hZ + hy, ) =Z huz(j)erhu]f + Z (hé/z(j)Z+h1’j)27
j=1

J=p+1
where hé/ *( j) € R¥ denotes the jth row of hé/ *. If we denote by h;/ ( j, s) the
sth element of the vector h;/ >(), the following properties hold for all j > 1:

k

(B-13) Y (hG.9)) ' =1, B(,9H=0, Vs>j,

s=1

%G, <1, Vs>1.
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The properties in Eq. (B-13) follow by 4, having ones in the main diagonal

and h) ? being lower triangular. We use Eq. (B-13) and the Cauchy-Schwarz
inequality to derive the following three useful inequalities. For any z € R* and
j=1...,k,

J

J
(B-14)  (h*(Nz+ ) <D (hGom)" Y (2 + By Gy s)h)’
s=1

m=

—_

-

= Zs-l-h;/z(j,s)hu)z,

s=1

(B-15)  [AY2(z+hi,]

J
< Z(ZS + n2(j, s)hl,]-)z, and provided 4, ; € (0, 00),
s=1

(B-16) [AY*(Dz+hi)]" < [hY (2] Zz
For every z € R* and h € H, define

P
(B-17)  Si(z,h)=)_Y 21 (hy; € (0, 00))

Jj=1 s=1

P
+ 20D (a4 B )R ) (= 0)

j=1 s=1

k J

+ 33 (4 B G h)

j=p+1 s=1

It follows from Eqs. (B-14), (B-15), and (B-16) that §,(z, h) > S;(h)*z +
hy, h,) for all z € R*. Therefore, for all h € H and x € R,

(B-18)  Pr(Si(hy*Z + hi, hy) < x) = Pr(8i(Z, h) < x).

Let B > 0 and define Ag ={z<€R:|z|] < B} and Aj; =Ap x---x Ag.Since Ag
has positive length on R, it follows that, for Z ~ N (0, 1),

(B-19) Pr(Z e A% )_nPr(Z € Ag) > 0.

s=1
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Let {4, h1}i=1 for by = (hyy, ) be a sequence in ITH such that

(B-20)  inf Pr(Si(h,"Z+ hi, hy) < o (ha, 1 - @)

(m,h)ell

= lllglo Pf(Sl(hé,/ZZZ + hiy, hoy) < Ca (M2, 1 — a)),

and define the sequence {Bi};»; by B = (71, (hyy, 1 — @)/ (2k (k + 1H)2.
Define B = liminf,_, ., B;. Note that B > 0. We first consider the case B > 0,
and then the case B =0. When B > 0, assume r* < B. Then, there exists a sub-
sequence {w;};>; such that B,, > B for all w;, and thus r* < B, along the sub-
sequence. By multiplying out, it follows that, for all z; € 45, and j=1,...,k,

(zs+hy(j, $)hy ;)? < Bil +r*?+2B,,r*,when |hy ;| <r;. Then, forall z Agm,’

ko
(B-21) Si(z,h) <) > 4B =2k(k+1)B; = Cap, (21— @0).

padar i
As a result, when r* < B,

(B-22) Pr(8i(Z, hoy) < Cay, (howy 1 =) 2 Pr(Z € 45 ) > 0.

It follows from Egs. (B-11), (B-18), (B-19), (B-20), and (B-22) that

(B-23) AsySzgys> inf  Pr(Si(h°Z+ hi, hy) < cor (a1 — @)

(m h)ellH

= lim Pr(8, (hy; Z + hii, hoy) < ey (o, 1 = @)

> iminfPr(8,(Z, ho,) < cay | (h20s 1~ @)

l—-o00

> llgngr(Z € A}, ) > 0.

Now consider the case B = 0. It follows that there exists a subsequence
{w;};=1 of N such that lim,_, cwiw[(hz,m,, 1 —a) =0. Let L denote the
Jjth element of rf , . Since =y, , € {0,00} for j=1,..., pand 77, =0 for
Jj=p+1,...,k, there exists a further subsequence {@};-; such that 7} 5 =T
for some vector 7} € Rﬁ +oo Whose first p components are all in {0, oo} and
3,5, — hy. Assume that 7 ; =0 for some j =1, ..., k. By Assumption A.2(c)
and a < 1/2, it follows that ¢;+(h2, 1 — a) > 0. Also by pointwise continuity of
Cs (hz, 1 — @) in h,, it follows that lim,_, o C7+ (hz,a,[, 1—a)=c; (hz, 1—a)=>0,
which is a contradiction. Therefore, it must be that k = p and 7} = 00,.
It then follows that A, ; = oo, and Sl(hé,/,zblZ + hi,a)5 h25,) = 0 as. along
the subsequence. Therefore, the expression on the right hand side (RHS)
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of Eq. (B-20) equals 1 in this case. Finally, by the proof of Theorem 3.1,
AsySzy,) > AsySz{ > AsySz.)),s, completing the proof.
Part 2. By Lemma B.1,

(B-24)  AsySzy) = inf Pr(S:(hy*Z + hi, hy) < co(ha, 1 — @),

where h)*Z ~ N (O, hy), co(hy, 1 — @) is the 1 — a quantile of S,(hY*Z, h,),
and H is the space defined in Definition A.1. For & > 0, let /3, = 5,,(¢) €

R¥*k where Z,,(¢) is defined in Assumption A.7. By Assumption A.7 and
without loss of generality, there exists &, € R* with h;; <0, h;, <0, and
min{A, 1, b1} < 0 such that (hy, A3 ,) € H. 1t follows that det(4; ,) = e and

- * -1 _ is 02><(k—2)
(B-25) (h3,)" = |:0(k2)><2 Is }, where

g_l—pg —pe 1 )

0., denotes an / x s matrix of zeros, and p, = —v/1 —&. Let Z° ~ N (O, k3 ,).
Then

(B-26)  S»(Z° + hy, h3,)

= inf {(1 —p) (ZF+ hiy— 0+ (Z5 + by — 1)

;
1R 1oo

P
=20 (Z5 + hug — t)(Z5 + i — )]+ D (ZE+ by — 1)?

j=3
k
+ Y (Zi+ )
j=p+1
At the infimum, ¢; = max{Z? + hy;, 0} for j=3,..., p,and so
(B-27)  8:(Z° + hy, h3,)
= i?f {(1 - pi)_l[(Zf +hi— L)+ (Z5+hyp— 5h)*

1R 400

—2p(Z7 + hiy —t)(Z] + hip — 12)]}

p k
Y NZ A+ b P+ Y (Z5+ )

j=3 j=p+1

> é((zf + hl,b Z; + h1,2)7 p8)7
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where $,((z1, 22), p.) :R* x (0, 1) — R, is defined as

(B-28)  $:((z1,22), p.) = inf {(1=p)7'[(z1 = 01)’ + (22— 1)’

IER+ +o0
—2pc(z1 — ) (22 — tz)]}-

Let Ay, < 0 without loss of generality (since min{A, 1, #;,} < 0). For small
B >0, (hiy, hi,) € Hg, where the set Hg € R? is defined in Lemma S1.3. By
Eq. (B-27) and Lemma S1.3, there exists a function 7,((z1, z2), (h11, h12)):
Ag . x Hg — R, such that

T.((21, 22), (h1 15 hl 2))
1—-p?

(B-29) S2(2+h1, h;’g) 2&((21522)’ ps) +

for all z € R* with (z1, z,) € Ag, . and for the particular (4, hE,g) under consid-
eration.
Next, note that, by Lemma S1.2, it follows that with probability 1,

(B-30)  $:(Z",h )—Z[Z‘E] + Z(Z‘S) + (2}, 25, p.)

j=3 Jj=p+1

V4 k
<D AZP+ Y (Z) +(Z) + WP,

j=3 j=p+1

where W = (Z5 — p.Z{)//1 — p? and hence Z; L W ~ N(0, 1), and f(-) is
defined in Lemma S1.2 and satisfies f(Z¢, Z3, p,) < (Z¢)* + W? with proba-
bility 1 for all & > 0. As a result, the 1 — « quantlle of $,(Z°, h3 ), denoted by
c(h3 ., 1—a),is bounded above by the 1 —a quantile of the RHS of Eq. (B-30),
which does not depend on e. It then follows that ¢y(%5 ,, 1 —a) < C < 0o, where
C denotes the (1 — «) quantile of the RHS of Eq. (B-30). By Lemma S1.3, we
have that Vn > 0, 3¢ > 0 such that

Ts((Zf, Zf), (h1,1, hl,z))
1-p2

(B-31) Pr( > C, (Zf,Z;)eA,h) >1—-n

We can conclude that V7 > 0, 3¢ > 0 such that

(B-32)  AsySzy, <Pr(S5(Z° + hy, hs,) < co(h3,, 1 — @)
<1—Pr(S;(Z°+ h, h,) > C)
<1—Pr(S5(Z°+hi, by ,) > C,(Z,Z3) € Ag,)
=,
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where the first inequality follows from (/, h;)a) € H, the second inequality fol-
lows from ¢y(h3 ,, 1 — a) < C, the third inequality follows from 44, C R?, and
the fourth follows from $,((z1, 22), p.) > 0V(z1, 22) € R? and Egs. (B-29) and
(B-31). By Theorem 3.1, AsySz\, > AsySzly > AsySzia,s and this completes
the proof. O.E.D.
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