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Abstract

This paper introduces a test for conditional stochastic dominance between two distributions
at prespecified values of a conditioning covariate, referred to as target points. The test uses a
one-sided Kolmogorov—Smirnov statistic computed from induced order statistics, the outcomes
attached to the conditioning observations closest to the target point, and compares it to a crit-
ical value that, given the number of neighbors, requires no resampling, kernel smoothing, or
parametric assumptions. The same procedure applies whether the outcomes are continuous,
discrete, or mixed, and requires only continuity of the conditional distributions in the condi-
tioning variable. We establish asymptotic validity under two frameworks: one in which the
number of neighbors is held fixed, where the induced order statistics converge to independent
draws from the conditional distributions at the target point; and one in which it grows with
the sample size, where we obtain an explicit rate that accommodates both an estimated tar-
get point and a data-dependent choice of the number of neighbors. We connect the test to
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permutation-based inference, provide a refined critical value for discrete outcomes, propose a
rule for selecting the tuning parameters, and illustrate the procedure in two empirical applica-
tions whose recorded outcomes exhibit mass points. Monte Carlo simulations confirm its strong
finite-sample performance.
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1 Introduction

The concept of stochastic dominance has long been central to many areas of applied research.
This paper studies a conditional version of the problem: testing conditional stochastic dominance
(CSD) at one or more prespecified values of a conditioning covariate, which we call target points.
Comparisons of this kind arise whenever the question of interest concerns a particular value of the
conditioning variable rather than its entire range. Examples include the outcome distributions on
either side of the cutoff in a regression discontinuity design (RDD), and the comparison of two

groups at a fixed quantile of a covariate such as skill or experience.

Two empirical applications, developed in Section C.3, motivate and illustrate the procedure.
In the first, we ask whether retirement shifts the distribution of household expenditure upward,
following Battistin et al. (2009) and Shen and Zhang (2016). This application uses a regression
discontinuity in the age of the household head, with the known retirement-age cutoff as the target
point. In the second, we ask whether small classes stochastically dominate regular classes in student
achievement at the median level of teacher experience, using the Project STAR data as in Qu and
Yoon (2015). Here, the target point is a quantile of the conditioning variable and must be esti-
mated. In both applications, the recorded outcomes exhibit mass points, making atomlessness of
the conditional outcome distributions an unattractive maintained assumption. Existing procedures
for CSD at a target point typically impose this assumption, often together with smoothness con-
ditions, and treat the target point as known. Our procedure accommodates continuous, discrete,

and mixed outcomes and allows the target point to be either known or estimated.

There is a long literature on inference for unconditional stochastic dominance, which compares
entire marginal distributions; see Whang (2019) for a textbook treatment. A related and equally
active literature studies inference for conditional stochastic dominance, comparing subgroups de-
fined by covariates; see Whang (2019, Chapter 4) for a review. As that review makes clear, this
literature addresses two distinct problems: dominance uniformly over a range of conditioning val-
ues, and dominance at one or more specific target points. Our paper concerns the latter, a problem
that recurs across applied work; see, among others, Shen (2019), Qu and Yoon (2019), Barcellos
et al. (2023), and Li and Sunder (2024). We review both branches and position our contribution

relative to them after describing the test.

The primary goal of this paper is to test whether the conditional cumulative distribution function
(CDF) of one variable stochastically dominates that of the other at specific values of a conditioning

variable. Formally, we consider the null hypothesis
Hy: Fy(t|z) < Fx(t|]z) forall (t,z) e Rx Z,

against the alternative that there exists some (¢, z) for which the reversed inequality holds strictly.
Here, Fy(:|z) and Fx(-|z) represent the conditional CDFs of the random variables Y and X,

respectively, given Z = z. Importantly, we focus on situations where the set of target values,



Z, is not the entire support of Z, but rather a finite collection of points (including the case of a
singleton), which may be known or estimated from the data. To address this testing problem, we
propose a novel procedure that leverages induced order statistics based on independent samples from
Y and X. Our test statistic, a Kolmogorov—Smirnov-type measure, captures the maximal deviation
between the empirical CDFs of the two samples, conditional on observations near the target points.
Crucially, the critical value we propose is derived in a deterministic, non-data-dependent manner

once the tuning parameters are accounted for, ensuring computational simplicity.

Our contributions in this paper are both methodological and theoretical. First, we introduce a
novel test for CSD at target points. The test is built from induced order statistics: it orders the
conditioning observations by their distance to the target point and compares the outcomes attached
to the ¢, and ¢, closest observations in each of two independent samples through a one-sided
Kolmogorov—Smirnov statistic. Like nonparametric methods generally, the procedure requires two
tuning parameters: the numbers of neighbors ¢, and ¢,, which play a role analogous to a bandwidth.
What distinguishes the test is its scope. The same procedure applies without modification whether
Y and X are continuous, discrete, or mixed, and it requires only that the conditional CDFs be
continuous in z at each target point, rather than differentiable or otherwise smooth. It uses no

kernel weighting and imposes no parametric structure on the conditional distributions.

Second, we establish the asymptotic validity of our test under two alternative asymptotic frame-
works. In the first framework, the numbers of effective “local” observations, ¢, and g, are held
fixed as the sample size n — oo. In this setting, we show that the test statistic converges to a
limiting experiment in which the induced order statistics behave as independent draws from the
true conditional CDFs at the target point. This convergence yields a feasible critical value that
remains valid without relying on resampling methods such as the bootstrap. Our regularity con-
ditions in this fixed-q framework are mild: the conditional CDFs at the target point may contain
finitely many discontinuities; Y and X may be continuous, discrete, or mixed; and we require only
that the conditional CDFs Fy (¢ | z) and Fx (¢ | z) be continuous in z at the target point, uniformly
in £. This is a weaker condition than the smoothness assumptions, such as twice differentiability in
z, typically imposed in nonparametric methods. In the second framework, the numbers of effective
observations ¢, and g, are allowed to diverge as n — oo. Building on recent results on conver-
gence rates for induced order statistics (Bugni et al., 2025), we derive an explicit, finite-sample
bound on the rate at which the rejection probability of our test approaches its nominal level as
a function of ¢y, g, and n. We establish this result at a level of generality that mirrors how the
test is used in practice: the conditioning point may be estimated from the data, and the tuning
parameters (gy, ¢;) may themselves be chosen in a data-dependent manner, with the known-point
and deterministic-q results each following as a special case. This second framework complements
the fixed-q results by demonstrating that the test continues to control size when the number of
effective observations increases, and it provides the theoretical basis for the data-dependent rule
we propose for selecting g, and ¢,. A feature common to both frameworks is that the target point

need not be known in advance: we allow it to be estimated from the data, for example, when it is



a quantile of the conditioning variable, and show that this does not affect the asymptotic validity
of the test. This size control can be conservative when the outcomes are discrete or mixed, in
which case the achieved level may lie strictly below a. As we discuss next, a refined critical value

mitigates this when Y and X have few support points.

Third, we show that the proposed critical value aligns with the one obtained from a permutation-
based approach when the random variables Y and X are both continuous, thus establishing a nat-
ural connection between our method and the broader literature on permutation-based inference.
To the best of our knowledge, this result provides the first formal justification for the validity of
permutation-based inference in testing unconditional stochastic dominance. We demonstrate that
the critical value of our test cannot be improved when both Y and X are continuous. This connec-
tion is not merely technical: it situates our test alongside design-based approaches to treatment-
effect inference, where permutation and randomization arguments are standard, and it explains
why a data-independent critical value can deliver finite-sample control in our setting. We develop
the connection in Section 5.3, where we also relate it to the design-based analysis of Caughey et al.
(2023). However, this result on validity of permutation tests does not extend to the case when
either Y or X is discretely distributed. For this latter case, we introduce a refined critical value,
which is typically smaller than the default one we propose and only a function of the support points
for Y and X. This refinement enhances power relative to the default critical value, though it comes

at the cost of increased computational complexity.

Finally, we examine the finite-sample performance of our test through Monte Carlo simulations
and present two empirical application to illustrate its implementation. The Monte Carlo simulations
and the empirical applications suggest that the data-dependent rule we propose for selecting the

key tuning parameters performs well in practice.

Related literature

Our work contributes to the extensive literature on inference for unconditional stochastic domi-
nance. Early contributions include Hodges (1958) and McFadden (1989), with seminal subsequent
developments in Anderson (1996), Davidson and Duclos (2000), Abadie (2002), Barrett and Donald
(2003), Linton et al. (2005), Linton et al. (2010), Davidson and Duclos (2013), and Lok and Tabri
(2021), among others. Whang (2019) provides a comprehensive textbook treatment of this litera-
ture. This literature studies hypotheses of stochastic dominance between marginal distributions and
predominantly relies on asymptotic approximations and resampling methods. As explained above,
our paper instead studies conditional stochastic dominance at specific target points. Nevertheless,
our paper is connected to the unconditional literature because, in the limit experiment underlying
our procedure, the conditional stochastic dominance testing problem reduces to a finite-sample

unconditional one.

Our paper lies within the literature on inference for conditional stochastic dominance. As



explained in Whang (2019, Chapter 4), this literature considers two distinct testing problems. The
first concerns whether conditional stochastic dominance holds over a range or the entire support
of the conditioning variable. The second concerns whether it holds at one or more specific points
in that support. As explained earlier, our paper studies the latter problem. There is an extensive
literature on the former, including Delgado and Escanciano (2013), Gonzalo and Olmo (2014),
Chang et al. (2015), Linton et al. (2016), Andrews and Shi (2017), Linton et al. (2023), and Wu
and Kaplan (2025), among others. These procedures test restrictions that hold almost surely over
a range of conditioning values and therefore do not directly provide inference for the conditional

distributions at an isolated target point.

Our paper lies squarely within the literature on testing stochastic dominance at specific target
points. A growing body of related work develops methods for distributional comparisons in this
setting, including Donald et al. (2012), Qu and Yoon (2015), Shen and Zhang (2016), Shen (2019),
Goldman and Kaplan (2018, Sections 6.1-6.2), and Qu and Yoon (2019). As mentioned earlier, the
focus on particular target points may be dictated by the research design, as with the cutoff in an
RDD, or by the substantive economic question, as with the median or another prespecified quantile
of interest. Our method requires weaker assumptions than those developed in the previous studies.
First, all existing methods assume that the conditional outcome distributions are continuous, and
some impose additional smoothness conditions on the corresponding density functions. Our method,
by contrast, accommodates continuous, discrete, and mixed data without requiring any modification
to the inferential procedure. We view this flexibility with respect to the distributional form of the
data as an important advantage of our approach. Second, some methods, such as that of Qu and
Yoon (2019), are based on conditional quantiles and require the quantile indices to be bounded away
from the tails of the distribution. We impose no such restriction. Finally, all existing methods treat
the target point as fixed and known, whereas our method also permits it to be estimated, as occurs,
for example, when the target point is defined as a quantile of the distribution of the conditioning
variable. These differences are not merely incremental refinements. To our knowledge, none of
the existing methods covers the two-sample problem at a target point while allowing one or both

conditional outcome distributions to contain atoms.

The remainder of the paper is organized as follows. Section 2 defines the testing problem and
introduces notation. Section 3 presents the induced order statistics that form the basis of our
procedure and introduces the proposed test. Section 4 establishes its asymptotic validity under
two alternative asymptotic frameworks. Section 5 discusses several refinements and extensions,
including results on rates of convergence, a data-dependent rule for selecting the tuning parameters,
and a refinement of the test that increases power when Y and X are discrete. Importantly, Section 5
also provides formal results on the validity of permutation tests for stochastic dominance with
continuously distributed random variables, offering novel arguments for the validity of permutation-
based inference in this setting. Section 6 evaluates the finite-sample performance of our test through

Monte Carlo simulations. Finally, Section 7 concludes. All proofs are contained in the Appendix.



2 Testing problem

Let (Y, Z) and (X, Z) denote random pairs, each supported on R x R. Let Py and Px denote the
joint distributions of (Y, Z) and (X, Z), respectively. For t € R and z in the support of Z, define

the conditional distribution functions

Fy(t]z) = P{Y <t|Z ==z} and Fx(t|z) = Px{X <t|Z==z}.

We are interested in testing the null hypothesis:
Hy: Fy(t|z) < Fx(t|z) for all (t,z) e R x Z (2.1)
versus the alternative hypothesis:
H, : Fy(t|z) > Fx(t|z) for some (t,z) e R x Z |

where Z = {z1,...,2p} is a finite set of target values of the conditioning variable. When L = 1,
we write Z = {z0}. The case where L =1 and Z is a continuously distributed random variable is
both simpler and particularly relevant in empirical applications. To minimize notational clutter,
we focus on this case for most of the remainder of the paper, unless otherwise stated, with Section
C.1 addressing the case where L > 1.

To test this hypothesis, we assume the analyst observes two independent samples:
{(Y:,Z;) - 1 <i<ny} and {(X5,Z;):1<j<ng}. (2.2)

We refer to the first sample as the Y-sample, which consists of n, i.i.d. draws from Py, and to the
second sample as the X-sample, which consists of n; i.i.d. draws from Px. A leading example, and
the one that motivates much of our analysis, is the sharp RDD. There, an outcome Y is observed
together with a running variable Z, treatment is assigned to units on one side of a known cutoff
zp, and interest centers on comparing the outcome distributions just above and just below zy. The

two samples in (2.2) arise by splitting the data at the cutoff,

{(Ys,Z;) :1<i<ny} = {(Yi,Z:) : Zi < 20},
{(X;,2;): 1< j<me}y ={(Y},Z;) : Zj > 20}

!

so that testing (2.1) at the single target point zy asks whether one outcome distribution conditionally
dominates the other at the threshold. In this design, zg is a boundary point of the support of Z
within each subsample; our conditions accommodate this case, and we return to it in the Monte

Carlo simulations of Section 6 and the empirical application of Section C.3.

Independence of the samples implies that the data-generating distribution is the product mea-



sure
P:=Py® Px .

All probability and expectation statements in what follows are taken with respect to P unless oth-
erwise noted. We denote by P the class of data-generating distributions P satisfying the regularity

conditions imposed later, and let
Py:={P e P:(2.1) holds} (2.3)

denote the subset of distributions P € P satisfying the null hypothesis in (2.1).

Remark 1. Our analysis assumes two independent samples. If instead one observes i.i.d. draws

the nearest-neighbor step can still be applied by keeping the observations whose values of Z; are
closest to zy. The resulting local experiment, however, consists of draws from the joint conditional
law E((Y, X)|Z= zo) rather than independent draws from Py and Px, and since the null hypoth-
esis in (2.1) only restricts the two marginal conditional distributions, the within-pair dependence is
left unrestricted. This substantially changes the formal analysis and would likely lead to a different

critical value, which we leave for future work. m

3 Test based on induced ordered statistics

Let the observed data be those given in (2.2). Let (gy,g,) be two small positive integers (relative
to (ny,ny)) and consider the point zy € Z. The test we propose is based on the following two

samples:

e The ¢, values of {Y; : 1 < ¢ < n,} associated with the g, values of {Z; : 1 <i < n,} closest

to zg, and

e The g, values of {X; : 1 < j < n,} associated with the g, values of {Z; : 1 < j < ng,} closest

to 2p.

To define these samples formally, we introduce g-order statistics for the conditioning variable
Z, where g(Z) := |Z — z|; see Reiss (1989, Section 2.1) and Kaufmann and Reiss (1992). For any

two values z, 2’ in the support of Z, we define the ordering <, as follows:
z<,72 ifand only if g¢(2) < g(2) .

This defines a g-ordering on the support of Z. The g-order statistics Z, ;) are then the values of



Z ordered according to this criterion:

Zg,01) Sg Zg,2) g =g Zg,(n) -

If there are ties in the g-ordering, they can be resolved arbitrarily—for example, by relying on the

original sample order.
We then take the values of {Y; : 1 <14 < n,} associated with the ¢, smallest g-ordered statistics

of Z in the Y-sample, denoted by

Yo, 1 Yoy 205 Yo lay) - (3.1)

That is, Yy, ;) = Yk if Zg ;) = Zy for k =1,...,qy. Similarly, we take the values of {X;:1<i<

ng } associated with the g, smallest g-ordered statistics of Z in the X-sample, denoted by

an,[l]u an,[Q]v v 7an,[q1] . (32)

The random variables in (3.1) and (3.2) are referred to as induced order statistics or concomitants of
order statistics; see David and Galambos (1974); Bhattacharya (1974); Canay and Kamat (2018).
Intuitively, we view these samples as independent samples of Y and X, conditional on Z being
‘close’ to zg. A key feature of our test is that it relies solely on these induced order statistics.

Letting n := min{n,,n,} and q := gy + ¢z, the effective (pooled) sample is

Sn = (Sn,la ceey Snyq) = (Yny’m, ey Yn%[qy],an’[l], e ,an’[ql]) . (3.3)

It is also important to note that the first ¢, elements of \S,, are associated with the Y-sample, while

the remaining ¢, elements come from the X-sample.

Having defined the induced order statistics, we now define our test statistic as

T(Sn) =sup (Fuy () = Eux() = | max  (Foy(Sup) = Bux($0)) - (34)

where the empirical CDFs are
~ 1 qy ~ 1 qx
Foy (t) := o Y I{Sn; <t} and  Fux(t):= “ D H{Sng+i <t}
U] T =1

The test statistic in (3.4) is a two-sample one-sided Kolmogorov—Smirnov (KS) test statistic, see
Hajek et al. (1999, p. 99), and the test we propose rejects the null hypothesis in (2.1) when T'(S),)

exceeds a critical value, defined next.

To introduce the critical value, let o € (0,1) be given and {U; : 1 < j < ¢} be a sequence of



uniform random variables i.i.d., that is, U; ~ U[0, 1]. Define Ay, 4(u) as

q

> HU;<u}, (3.5)

Y J=qy+1

1 &
Ay, q(u) = o ZI{U]- <wu}—
Y j=1

and

ca(qy,q) := inf {P{ sup Ay, q(u) < x} >1- 04} ) (3.6)

zeR u€(0,1)

The test we propose for the null hypothesis in (2.1) is

¢(Sn) == I{T(Sn) > Ca(‘]ya‘l)} . (3.7)

We reiterate that (3.7) corresponds to our test with a single target point (L = 1). Section C.1
extends this framework to the general case with multiple target points (L > 1). Furthermore, in
addition to our default critical value in (3.6), we provide a refined critical value tailored for discrete

Y and X with finite support in Section 5.2.

The choice of the two-sample one-sided KS statistic in (3.4) is crucial for accommodating discrete
or mixed outcomes. Alternative statistics entail a familiar power trade-off: the KS statistic is
naturally sensitive to pronounced positive peaks in Fy (t|z9) — F'x(t|z9) over a relatively narrow
range, whereas integrated statistics such as Cramér—von Mises may have greater power against
smaller but more diffuse departures, with no uniform ranking between them. In the continuous case,
the Cramér—von Mises analogue remains asymptotically valid; with discrete or mixed outcomes,
however, the analogous Cramér—von Mises and Anderson—Darling tests need not control size. This
is why our default procedure relies on the KS statistic; see the discussion following Theorem 2 and
Section C.2.

Remark 2. From a computational perspective, a notable feature of the test ¢(Sy) is that the supre-
mum over R in (3.4) can be replaced by a mazimum over the set {1,...,q,}. This simplification
arises because the KS test statistic increases only when evaluated at points corresponding to the Y -
sample, which are the first q, elements in the vector S,,. Consequently, the supremum in cq(qy,q)
can also be replaced with a mazimum over {1,...,q,}. This allows us to compute the critical value

ca(y,q) with arbitrary accuracy through simulation. ®

Remark 3. When both' Y and X are continuous, the test ¢(Sy,) is essentially exact; see Lemma 1.
By contrast, in the discrete or mized case, the test may be conservative because the default critical
value in (3.6) is an upper bound on, rather than the relevant quantile. Consequently, the achieved
level may remain strictly below o even asymptotically. We revisit this issue after Theorem 2 and,

in Section 5.2, develop a refined critical value that is less conservative for discrete outcomes. m

Remark 4. The values of q, and g, are tuning parameters chosen by the researcher. Section /
shows that the test is asymptotically valid when (qy,q.) are either held fixed or allowed to diverge

slowly with the sample size. In Section 5.1, we develop data-dependent guidelines for selecting



(@y, qz) that are compatible with these asymptotic requirements, and we assess their practical per-

formance through simulations in Section 6 and in the empirical applications in Section C.5. =

Remark 5. The RDD introduced in Section 2 is a running example for our test. With observed
sample {(?},Z) 11 < i < n} and cutoff zy, the two samples in (2.2) are obtained by splitting the
data at zg, and the test compares the induced order statistics on either side of the threshold. The
cutoff zy is a boundary point of the support of Z within each subsample, a case our assumptions

accommodate. ®

Remark 6. In many applications, the conditioning point zy is not a fired value but a feature of
the distribution of Z that the researcher estimates from the same data—the leading example being
the median, or another quantile, of Z. The results below, including the RDD setting discussed in
Remark 5, are stated to formally account for this case: they allow zg to be replaced by a consistent
estimator Z, that depends on the Z-observations alone, so our conclusions apply directly to such

settings. M

4 Asymptotic framework and formal results

In this section, we derive the asymptotic properties of the test in (3.7) using two alternative
asymptotic frameworks. The first one requires q := g, + ¢, to be fixed as n — 0o and represents a
finite sample situation where the effective number of observations used by the test is too small to
credibly invoke approximations that require a “large” value of q. The second framework requires
q — oo slowly as n — oo, and represents a finite sample situation where the effective number of
observations used by the test is large enough to invoke approximations for “large” ¢q. Throughout,
we allow the conditioning point zy to be either known or estimated from the data, as anticipated
in Remark 6. Let A denote the o-algebra generated by the Z-observations from both samples, and
let Z, be the estimator of zy mentioned above. To avoid clutter, in the main text we continue to
write Sy, for the induced order statistics in (3.3), with the understanding that they are constructed
using the nearest neighbors of either zy or Z,, depending on the context; the appendix makes this

distinction explicit.

4.1 Asymptotic results for fixed q

In this section, we examine the asymptotic properties of the test in (3.7) within a framework where
q = qy + ¢ is fixed and n := min{n,,n,} — co. We first derive the asymptotic properties of

induced order statistics in (3.3), and then present our main theorem.

We start by deriving a result on the induced order statistics collected in the vector S, in (3.3).
To do so, we make the following assumptions. We state the assumptions for all z € Z so that they

also apply to the multiple-target case considered in Section C.1.



Assumption 1. For each z € Z, there exists an A-measurable estimator 2, such that Z, B
Assumption 2. For anye >0 and z € Z, P{Z € (z —¢,z+¢)} > 0.

Assumption 3. For any z € Z and any sequence {zy} in the support of Z such that z, — z,

sup ’Fy(t|zk) — Fy(t|z)] = 0 and sup ‘Fx(t|zk) — Fx(t|z)| = 0.
teR teR

The A-measurability requirement in Assumption 1 restricts 2, to be a function of the Z-
observations alone—as with the empirical median or any empirical quantile of Z—and rules out
estimators that depend on the outcomes Y or X. Taking 2, := zq is allowed for, so this assumption
nests the known-zy case as a special case. Assumption 2 requires that the distribution of Z is
locally dense at each of the points in Z. This includes the case where Z has a mass point at z € Z.
Assumption 3 is a smoothness assumption required to guarantee that conditioning on observations

close to z is informative about the distribution conditional on Z = z.

Theorem 1. Let Assumptions 1-3 hold. Then,
Sp 58 =(S1,...,8,) , (4.1)

where for any s := (s1,...,54) € R, the random vector S satisfies

qy

P{s <s} =[] Fr(sjlz0)- [] Fx(silz) -

j=1 J=qy+1

Theorem 1 is a special case of Theorem 4 in the appendix with L = 1, which generalizes Canay
and Kamat (2018, Theorem 4.1) in two directions: first, it accommodates multiple conditioning
values (L > 1); and second, it allows the conditioning point zp to be estimated by Z, rather than
known, in which case S, is understood to be constructed using neighbors of Z,,. It establishes that
the limiting distribution of the induced order statistics in the vector S, is such that the elements
of the vector, denoted by S, are mutually independent. Specifically, the first g, elements of this
vector follow the distribution Fy (-|zp), while the remaining ¢, elements follow Fx(:|z9). The proof
leverages the fact that the induced order statistics S, in (3.3) are conditionally independent given
(Z1,...,Zy), with conditional CDF's

Fy(‘|Zny,(1)), cee Fy(-]Zn%(qy)), Fx(|Zn, 1)) Fx (1 Zn, (q0)) -

The result then follows by showing that Z,, 2 2 and Zna () 2y 2 for all je{l,...,q}, and
invoking standard properties of weak convergence. Theorem 1 plays a crucial role in our asymptotic

validity result presented in Theorem 2.

In addition to Assumptions 1 to 3, we also require that, conditional on Z = z, the random

variables Y and X have distributions with a finite number of discontinuity points. To state this

10



assumption formally, let Dy (z) and Dx(z) denote the sets of discontinuity points of the CDFs of
Y|Z = z and X|Z = z, respectively.

Assumption 4. For any z € Z, |Dy(2)| and |Dx(z)| are finite.

It is important to note that Assumption 4 allows both Y and X to be continuous, discrete, or
mixed random variables. However, it excludes cases where these variables have countably many
discontinuities conditional on z € Z. We also point out that Theorem 1 does not require Assumption
4.

We now formalize our main result in Theorem 2, which shows that the test defined in (3.7) is
asymptotically level a under the assumptions we just introduced. Below, we denote by Epl[:] the

expected value with respect to the distribution P € P.

Theorem 2. Let P be the space of distributions that satisfy Assumptions 1 to /, and let Py be as
n (2.3). Let a € (0,1) be given, T' be the KS test statistic in (3.4), and ¢(-) be the test in (3.7).

Then,
limsup Ep[¢(Sy)] < « for all P € Py . (4.2)

n—oo

Theorem 2 establishes the asymptotic validity of the test in (3.7). There are three main reasons
why the inequality in (4.2) may be strict, resulting in the limiting rejection probability strictly
below a. First, when the inequality in (2.1) is strict, the test may reject with probability below
«, with the magnitude depending on the distance of P from the least-favorable boundary of Py.
Second, in cases where the support of Y and X take finitely many points, the critical value defined
in (3.6) may be a strict upper bound for the desired quantile, as discussed further in Section 5.2.
Finally, the test statistic Ay, 4(u) in (3.5) is discretely distributed, taking only a limited number of

distinct values. Consequently, the achieved significance level

Q= P{ sup Aqwq(u) > ca(qy, q)} (4.3)
u€e(0,1)

satisfies & < « by definition, but may be strictly less than a. Whether & = « occurs or not depends

on whether the critical value c(gy, ¢) aligns exactly with one of the discrete jumps in the CDF of

SUPye(0,1) Dgy,q(1), which depends on a, gy, and q.

We derive Theorem 2 by linking the weak convergence of the induced order statistics S, to the
limit variable S in (4.1) with the finite-sample validity of the test ¢(S) in the limit experiment.
This connection becomes nontrivial when the data are not continuously distributed. The KS
statistic plays a central role in addressing these challenges. First, weak convergence of S, to S
does not by itself imply convergence of the rejection probability, because the test is discontinuous
at configurations involving ties. Our proof constructs an almost-sure representation under which
Sn — S and shows that, with probability approaching one, all pairwise order relations, including

ties, agree between the two vectors. On this event, the empirical CDF comparisons and therefore
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#(Sp) and ¢(S) coincide. This yields convergence of the rejection probability to that in the limit
experiment. Second, the structure of the KS statistic implies that our test controls size in the limit
experiment over our class of null distributions—including those that are discrete or mixed—thereby
establishing asymptotic validity. By contrast, as shown in Section C.2 in the appendix, analogous
results generally fail when using the one-sided versions of the Cramér—von Mises or Anderson—
Darling statistics, which are commonly used in the stochastic dominance testing. Nonetheless,
in the special case where the data are continuously distributed, we show in Theorem 6 that the

Cramér—von Mises-based test remains valid.

Two features are worth highlighting. First, the conclusion of Theorem 2 continues to hold
when the conditioning point is estimated. The argument relies on only two properties of the
neighbor selection underlying S,: that it is measurable with respect to the Z-observations, so that
conditionally on them the selected outcomes remain independent with conditional CDFs Fy (-|Z;)
and Fx(-|Z;); and that the selected Z-values converge in probability to zg. Both properties survive
when the neighborhoods are centered at an estimator Z,: the first because Z, is A-measurable, as
required by Assumption 1, and the second because consistency of Z,,, combined with Assumption
2, places g observations in any fixed neighborhood of zy with probability approaching one. As a
result, replacing zg by 2, leaves the limiting behavior of the test, and hence its asymptotic validity,
unchanged. Second, the fixed-¢q framework cannot, in general, deliver consistency against all fixed
alternatives. As n — oo, the selected observations become increasingly well localized around zp,
but the limiting experiment continues to contain only ¢, + ¢, observations. Hence, under a fixed
alternative, the rejection probability converges to the power of the test in the corresponding fixed-q
ideal experiment, which is generally strictly below one. The relevant sample sizes for power in this
framework are therefore g, and g, rather than the original sample sizes n, and n,. Consistency is

obtained in the large-q framework of Section 4.2; see Theorem 3.

Remark 7. Goldman and Kaplan (2018) develop an inference framework for the two-sample one-
sided hypothesis test in (2.1), interpreting it as a multiple-testing procedure and with applications to
the RDD. As in this section, they adopt an asymptotic framework with fived q and construct critical
values by simulating i.i.d. U(0, 1) random variables given a test statistic. Our approach to stochastic
dominance testing, however, differs from theirs in several important respects. First, we focus on
the KS statistic, whereas they advocate for a different statistic based on the so-called Dirichlet
approach, which they argue may offer power advantages. This distinction allows us to accommodate
discrete or mized distributions, while their analysis is restricted to continuously distributed data;
see Appendiz C.2 for details." Second, we also derive results under an asymptotic framework where
q — 00 asn — 0o. This extension allows us to obtain data-dependent rules for choosing the tuning
parameters that satisfy the required rate-of-convergence conditions, and we establish the asymptotic

validity of our test when these data-dependent rules are used. Third, we allow the conditioning

! Although Goldman and Kaplan (2018, p. 146) state that their test remains asymptotically valid—albeit conser-
vative—for discrete data, they do not provide a formal proof. By contrast, Theorem 2 establishes this property for
the KS statistic. Interestingly, asymptotic validity does not extend to other test statistics: Appendix C.2 shows that
it fails for tests based on the Cramér—von Mises and Anderson—Darling statistics.
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point zy to be estimated from the data (e.g., a quantile of Z) rather than treated as known, and

show that this leaves the validity of our test unaffected. m

4.2 Asymptotic results for large q

In this section, we examine the asymptotic properties of the test in (3.7) within a framework where
q = qy + ¢z — 00 as n — oo. Motivated by the practical considerations discussed in Section 5.1,
we do so at a level of generality that accommodates two features of how the test is used: the
conditioning point may be estimated from the data, and the tuning parameters (gy,q,) may be
data dependent. The known-point, deterministic-¢ version of our result then follows as a special
case; see Remark 8. The assumptions in this section are stronger than those in Section 4.1. This
is natural: the weaker assumptions of Section 4.1 ensure convergence to the limit experiment but
are silent about its rate, whereas the results below deliver explicit rates and therefore require local

smoothness and local mass conditions at zg.

We first introduce the required notation. Let
A=0({Zi:1<i<n,}U{Z;:1<j<ny,}

denote the o-algebra generated by the Z observations from both samples. Given an estimator 2,
of zp and (possibly random) positive integers (gy, ¢z), define S, exactly as S, in (3.3), with the gy
and ¢, nearest neighbors in each sample selected by their distance to 2, rather than to 2y, and with
distance ties broken by any .A-measurable rule. For W € {Y, X} and z such that the conditional
distribution is well defined, we denote by Py, the conditional distribution of W given Z = z,
whose CDF is Fyy(+|z); the target laws are Py, and Py .,. The ideal local experiment is defined
conditionally on (gy, gz): let

SO — SO(Qy,qJ}) — (Y107' ”’}/qoy,Xlo7...’ng) s (44)

where, conditional on (gy,q,), the components are mutually independent and independent of the
data, with Y;° ~ Py, and XJ‘? ~ Px_.,. When (gy, ¢;) is deterministic, S° has the same distribution
as the limit vector S in Theorem 1. Since the dimension of S,, is random, the objects we compare are
the joint laws of (qy, gz, S'n) and (qy, ¢z, S°); when (gy, ¢z) is deterministic this reduces to comparing
E(S‘n) and £(S°). Finally, for probability measures P and @ on R with densities p and ¢ with respect
to a common o-finite measure u, the Hellinger distance is defined by H?(P, Q) := % J (VP— \/é)gd,u,

the total variation distance is TV (P, Q) := 3 [ [p — q| dp and they satisfy TV(P,Q) < V2 H(P, Q).

We work under the following four assumptions.

Assumption 5. The estimator Z,, the integers (qy, qz), the selected index sets, and the tie-breaking

rule are A-measurable. In addition, there exist deterministic sequences Gy — oo and g, — 0o with
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Gy/ny — 0 and Gy /ny, — 0, and a sequence 1y, | 0, such that
P{ng(jy and gy SQm}Zl_Un .

Assumption 6. There exist sequences oy, | 0 and €, | 0 such that P{|Z, — zo| > on} < &n.

Assumption 7. There exist constants cy,cx > 0 and r9 > 0 such that, for all v € (0,7¢9) and
W ed{Y, X},
P{lZ —z| <r}>ecwr,

where Z denotes the covariate of the sample associated with W.

Assumption 8. There exist constants Ly, Lx < oo and a neighborhood N of zy such that, for all
zeN and W e {Y, X},
H(PVV,ZaPW,Z()) S LW |Z — ZO‘ .

The four assumptions play distinct roles. Assumption 5 is new to this section: it disciplines the
data-dependent choices by requiring the estimator 2,, the tuning parameters (g, ¢ ), the selected
index sets, and the tie-breaking rule to be A-measurable, and by imposing deterministic envelopes
(Gy, G=) that cap (gy, q.) with probability approaching one. It holds in our setting: for deterministic
(gy, qe) it is satisfied trivially with ¢, = gy, ¢z = ¢», and 7, = 0, while for the data-dependent
rule proposed in Section 5.1 we verify there that the requirement holds. Assumption 6 is the same
requirement on Z, as Assumption 1 in the fixed-¢ analysis, now stated quantitatively in terms of
a rate d, because this rate appears in the finite-sample bound of Theorem 3; it holds with §,, =
Mn~Y2 for any \/n-consistent estimator, the sample median of the pooled Z observations being
the leading example. Finally, Assumptions 7 and 8 strengthen Assumptions 2 and 3, respectively:
local denseness of Z at zp is strengthened to mass proportional to the window length, and sup-
norm continuity of the conditional CDFs is strengthened to a local Hellinger—Lipschitz condition.
Assumption 8 holds, in particular, whenever the conditional densities of W given Z = z are
differentiable in quadratic mean at zo with finite Fisher information; see Bugni et al. (2025). Both

strengthened conditions accommodate zy at the boundary of the support of Z.

Theorem 3. Let Assumptions 5-8 hold. Then there exist constants C < oo and ¢ > 0 such that,

X 3/2  _3/2
TV (£(4y: 42 Sn): £(ay42:57)) < € <qj;y+qn> + C (@ + V&) o + Rem, ,  (45)

where Remy, := &, + 1, + e % + e %%, Consequently,

R 3/2  _3/2
Ep[¢(Sn)] < a+C (q;; + q;) + C(\/@y + Vi) on + Rem,, forallPePq. (4.6)
Y T

In particular, the test is asymptotically level o whenever
Qy = O(nz/g) y Q= 0(”2/3) vV Qy op =0, \/qz(sn —0. (4'7)
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If, in addition, min{qy, ¢, } 2y 00, then limy,_oo Epr [gb(gn)] =1 for any P' € Py.

In (4.6), ¢(S,) denotes the test in (3.7) computed with the realized pair (gy,¢.); that is, the
critical value is cq(qy,q) with ¢ = ¢y + g,. The three terms in the bound (4.5) have distinct
interpretations. The first, C (cjg’/ 2 /1y + cﬁ/ 2 / nx), is the cost of approximating the local experiment
by the ideal one at a known conditioning point, and coincides with the rates for induced order
statistics in Bugni et al. (2025) under quadratic mean differentiability. The second, C (\/@—i— @) Ons
is the price of estimating the conditioning point. The last, Rem,,, collects the low-probability events
on which the localization of 2, or the envelopes for (gy,q,) fail, together with exponential terms
that vanish as gy, ¢, — oo; under Assumptions 5 and 6 it vanishes automatically, so the growth

conditions in (4.7) are what remains to ensure the bound tends to zero.

Remark 8. When 2, = zy and (qy,q,) are deterministic, the estimation term C(\/(jy + \/(jx)dn

vanishes (6, = 0) and the failure probabilities satisfy e, = n, = 0, so the bound (4.5) reduces to

3/2 3/2
TV(L(Sn),L(S)) < C (q;“; + q;;) fe My e (4.8)
Yy T

so the test is asymptotically level o provided q, = o(nz/g) and q, = o(ni/g). These are the growth

conditions we rely on in Section 5.1. m

Remark 9. The proof of Theorem 3 does not rely on the conditional representations for nearest
neighbors at a fized center that underlie the rates in Bugni et al. (2025); those arguments require
the center to be nonrandom relative to the sample used to select neighbors. Instead, we use that,
conditional on A, the selected outcomes are independent with conditional laws Py, z,, regardless of
how 2, and (qy,q,) were constructed from the Z observations. This approach is well suited under
quadratic-mean-differentiability, where the pointwise rate in Assumption 8 is sharp; see Bugni et al.
(2025). m

Remark 10. In a framework where ¢ — 00, one could alternatively define a test using a crit-
ical value based on the 1 — « quantile of the limiting distribution of the (scaled) KS statistic
in (3.4). Denote this limiting critical value by co(00). Numerical evaluations show that our
scaled critical value is smaller than the limiting critical value: \/quT/qca(qy,q) < co(o0) for
a € {0.1,0.05,0.01} and (qy,q;) € {10,20,...,500}%, with strict inequality in most cases. For
example, when o = 5% and (qy,q.) = (70,70)—a value consistent with our simulations—we ob-
tain \/qyqs/q ca(gy. q) = 1.1832 < 1.2239 = co(00). The smaller critical value associated with our
test translates into an improvement in power of roughly 4% under a local-power approximation for

location-shift alternatives. We omit the details for brevity, but they are available upon request. W
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5 Discussion and extensions

5.1 Data-dependent choice of tuning parameters

We now discuss the practical considerations for implementing our test and propose a data-dependent
rule for choosing the two tuning parameters g, and g,. Our goal is to provide practical guidance
based on the data, rather than claiming optimality of any sort. The rule is constructed in two
steps that mirror the structure of our asymptotic analysis: the rates of convergence in Section 4.2
determine how fast (gy,q,) may grow with (n,,n;), and a bias-standard deviation calculation for
the estimators of the conditional CDF's, in the spirit of Armstrong and Kolesar (2018) and similar
to the approach in Bugni and Canay (2021), determines the constants multiplying these rates. We
examine the performance of this rule via Monte Carlo simulations in Section 6 and use it in the

empirical application in Section C.3.

We start with the rate, which is pinned down by results that do not involve any tuning constants.
By (4.6), the size distortion of the feasible test obeys a finite-sample bound in which the restriction
on the tuning parameters is governed by the coupling term q;’/ 2 [y + qi/ 2 /ng; for a \/n-consistent
conditioning point, the growth conditions in (4.7) reduce to ¢, = o(n?/ 3) and ¢, = o(nf/ 3). This
rate is sharp at conditioning points on the boundary of the support of Z by the results in Bugni et al.
(2025) (the relevant case in regression discontinuity applications), so no faster bound is available for
the class of distributions we allow for. Any rule of the form ¢, o ny with v < 2/3 is thus consistent
with asymptotic validity, and the only remaining question is which exponent to use within this
range. To choose one, we balance two approximation errors that move in opposite directions as g
grows. Taking g, larger worsens the coupling between S,, and the ideal experiment S°, contributing
a size distortion of order qg’/ 2 /ny. Taking g, smaller degrades the experiment itself: S° consists
of g, i.i.d. draws from Fy(-|zp), so the Gaussian approximation to its rejection probability under

/2

local alternatives carries an error of order g, ! ; see Bugni et al. (2025) for this decomposition

/2

in a general setting. The sum qg/ 2 /ny + qy /2 is minimized at qy X ngl/ 2, and we accordingly set

~v = 1/2. This exponent lies strictly inside the range required for validity.

Having fixed the rate, we write the rule as g, = ¢, nzl,/ % and calibrate the constant ¢y through
the bias and standard deviation of the implicit estimator of Fy(-|zp). Assume that the random

variable Z is continuous with a density function fz(-) satisfying
|fz(z1) — fz(22)] < Cz|z1 — 22| for a Lipschitz constant Cz < oo ,

and any values z1, zo € Z. In addition, suppose that the conditional CDF of Y satisfies

OFy(t
'YHZ) < Cy for a constant Cy < oo,

0z

and that the conditional CDF of X satisfies the same condition with a constant C'x. It can be
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shown that the standardized bias By, 4, associated with the estimator of the conditional CDF
Fy (+|zp) satisfies

a)° Fy(t|20) Cz + f2(20) Cy
ny 4f3(=0)

Here, By, q, is the bias multiplied by /gy, so it is expressed on the same scale as the sampling

’Bny7Qy| S

(5.1)

fluctuations of the empirical CDFs. The two terms in the numerator capture the two sources of
local bias: the curvature of the density of Z near zg, and the variation of the conditional CDF in z,
scaled by the density at the target point. For calibration, we compare this standardized bias with
the sampling variability of the two-sample CDF difference that underlies the test. Under the least
favorable configuration Fy (:|20) = Fx(-|20) =: F', Ay, q(u) in (3.5) has variance F(1 — F')(1/q, +
1/g;). Under the balanced convention ¢, ~ ¢y, its standard deviation on the same \/ay scale is

2F(1 — F). We calibrate the constant by the simplest bias-sd trade-off: requiring the bias to
be no larger than one standard deviation, i.e. |B,,q,| < V2F(1 - F). Solving for g, yields the
benchmark

AF2(% 2/3
g, = n2*(2F(1—F))"? (FCZ f?é?io) Cy) : (5.2)

2/3

The benchmark ¢, grows exactly at the ny ~ rate. Our rule therefore keeps the constant in (5.2)

and combines it with the exponent v = 1/2 derived above.

It remains to choose the value of F at which to evaluate (5.2), since the factor (2F(1 — F))/?
has no lower bound as ¢ varies over R. We evaluate it at F' = 1/2, for two reasons. First, the
least favorable configuration within the null hypothesis is Fy (:|z9) = Fx(-|20), as discussed in
Section 5.3, so the relevant comparison is between two estimators of a common conditional CDF.
Second, under this configuration the two-sample empirical process Ay, 4(u) in (3.5) has variance
proportional to u(1 — ), which is maximal at v = 1/2: the KS supremum concentrates around the
median, so the median is where the comparison between bias and sampling variability is relevant

for the behavior of the test. Setting F' = 1/2 in (5.2) and imposing the ngl,/ ? rate, we obtain

1/3 9 2/3
. 1/2 1 4f7(20)
W <2> (%CZ-F]CZ(ZO) Cy ' (5:3)

The constants Cz and Cy cannot be chosen adaptively: it is impossible to estimate them in a

way that delivers uniformly valid inference for testing (2.1) (see, e.g., Armstrong and Kolesdr, 2018).
Since any data-dependent rule for g, must take a stand on Cz and Cy, we prioritize simplicity and

compute them under a bivariate normal working model for (Y, Z), which gives

1 lpy | 1

Cyp=—r— Cy =
2 ) )
oV 2me oz /1 _pgf V2T

fZ(ZO) = ¢MZ,UZ(ZO) )

where ¢, +,(-) denotes the density of a normal distribution with mean ;7 and variance O’%, and

py is the correlation between Y and Z. The first constant is the maximal slope of the normal

17



density, attained at puz £ oz; the second is the maximal slope of the conditional CDF in z. We

propose choosing ¢, and g, using the following data-dependent rules:

2/3
1/3 2 S
* . o 1/2 1 / 4¢ﬂzﬁz(zn) (5 4)
Ty ="y {5 1 iy ) Py 1 '
- s (2
25’%\/27‘(6 a0z 674/1 —ﬁ% V2
and
2/3
1/3 2 5
q* — n1/2 1 / 4 bz,67 (Zn) (5 5)

e+ Pz (2
253 ame | VnzozPn)

Oz+/1 — pA%( V21
where fiz is the sample median of Z, 67 is the interquartile range of Z divided by 2&71(3/4) ~
1.349, and py := sin(n7y /2), with 7y denoting Kendall’s rank correlation between Y and Z in the

first sample; px is defined analogously using the second sample. Each estimator is consistent for
2

the corresponding parameter under the working model — in particular, 7 = = arcsin(p) for the
bivariate normal, so sin(7w7/2) recovers the correlation exactly — while being insensitive to heavy

tails and outliers, which is in line with treating normality as a reference only.

Two implementation details are worth making explicit. First, we round g, and ¢; up to the
nearest integer and impose a small floor, so that the rule always returns a well-defined, non-
degenerate neighborhood. Second, we compute the rank correlations py and px from observations
lying outside the test neighborhood, a leave-out rule, rather than from the full sample. This is
what makes the selected (gy,q,) compatible with the measurability requirement of Theorem 3
(Assumption 5), so that the large-¢g validity result applies to the feasible test based on the data-
dependent rule. Both samples share the same conditioning point, and the leave-out construction

and the precise measurability statement are described in Appendix C.4.

The constant multiplying ngl/ % in (5.3) is intuitive for two reasons. First, it reflects that a
density that varies more steeply with z, or a steeper conditional CDF in z, calls for smaller g,: in
such cases, nearby observations provide a poorer approximation of the quantities at zg. Since the
maximal slopes are determined by Cz and Cy, the rule is decreasing in both constants. Second,
the rule accounts for low density at zo. When fz(29) is small, the g, nearest observations are likely

to be farther from zp, again requiring smaller g,.

Remark 11. The rules in (5.4) and (5.5) are invariant to affine transformations of Z and, because
they depend on the outcomes only through Kendall’s rank correlation, to strictly increasing trans-
formations of Y and X. The test itself shares both invariance properties, as the nearest-neighbor
sets are unchanged by affine transformations of Z and the KS statistic is rank-based. A rule based

on the Pearson correlation would instead select different values of (qy,qs) for, say, Y and log,
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even though the test treats the two problems identically. m

5.2 Refined critical value for discrete data

While our default critical value in (3.6) is valid as long as the distributions of random variables Y
and X have at most finitely many discontinuities, it is possible to construct a smaller refined critical
value when both variables are discretely distributed with a limited number of support points. Our
test with the refined critical value still maintains the asymptotic validity, though it comes at the

cost of additional computational complexity.

To motivate the refined critical value, let Y and X denote the support of Y and X, respectively.
Our proof for the asymptotic validity (specifically, Theorem 5 in the appendix) relies on the following

inequalities:

P{supAqy’q(u) > ca(qy,q)} < P{ sup Ay, q(u) > ca(qy,q)} < a
uel u€e(0,1)

where U := Uiey{u = Fx(t|z0)} is the set of values that Fx(t|zp) takes as t varies over Y and
Ay, .q(u) is given in (3.5). Once we replace the set I with the interval (0, 1), our default critical value
ca(qy,q), defined as a quantile of sup,¢ (g 1)Ag,,q(u) in (3.6), ensures the probability is bounded
below «. However, replacing the set ¢ with (0,1) could be unnecessarily conservative when U
contains only a few points—either because Y contains only a few points or because Fx(t|zp) takes
few distinct values as t varies. In fact, the cardinality of the set I/ is determined by the smaller

support size of Y and X.

To define our refined critical value, let r denote the smaller support size of Y and X,
r = min{|Y|, |X|} ,
and let U, denote the collection of all ordered r-tuples of distinct points in (0,1),
U, = {(ug,ug,...,ur) € (0,1)" s ug <ug < -+ <up}.

We denote an arbitrary element of U, by U,.. Our refined critical value is defined as

et (qy, q) = ;212 {uriggrP {ESIE Ay, q(u) < x} >1- a} , (5.6)

with Ay, 4(u) as in (3.5), and the refined test for the null hypothesis in (2.1) when either ¥ or X

is discretely distributed with a limited number of support points is thus

¢"(Sn) == I{T(Sn) > ci(qy, 9)} - (5.7)
Section C.1 presents the general version of this test for the case L > 1.
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The power gains of using c,(qy,q) over cq(gy,q) are most pronounced when r is small. Our
numerical analysis shows the largest gains for » < 10. Thus, this refinement is most effective for
discrete data with a limited number of support points, rather than all discrete settings. Moreover,
the computational cost of cf,(qy,q) increases with r, and so as r grows, the gains diminish while

the cost rises.

We propose to compute c,(g,,¢) numerically, by solving the optimization problem

¢4 (qy,q) = min {x € [ap, cup) N T - MriggrP {gé%{}f Ay, q(u) < x} >1- a} , (5.8)

where T is the support of Ay 4(u) in (3.5), cup = ca(qy, @), and cp, is given by

ap = min< P max Ay, .q(u) < x} >1- a} .
IGT{ {ue{ﬁruirvwir}

That cy, = calgy, q) is a valid upper bound is unsurprising given the preceding discussion, while

cp is a valid lower bound because } is a specific element of U,. In our numerical

1 T
evaluations we often found c,(gy,q) = c, but not always, so the additional optimization in (5.8)

cannot in general be avoided.

Remark 12. The support T of Ay, 4(u) is a discrete subset of [—1,1] that can be enumerated for
modest values of q: its cardinality is bounded by (g, + 1)(¢. + 1), and it is independent of the

realizations of the random variables and of the value u € (0,1). m

The optimization in (5.8) is inexpensive for a given application. The refined critical value
depends on the data only through (gy,q,) and the support sizes, not on the observed outcome
values, so it need not be recomputed as the data change and can be tabulated in advance for the
relevant (gy,q,r, ). The outer search ranges over [cj, ¢yp] 0T, which in our experience contains
only a handful of points (recall |T| < (g, + 1)(¢z + 1) by Remark 12); the cost that grows with
the support size r comes instead from the inner minimization over r-tuples in U,.. This is why we
recommend the refinement only for small r (say r < 10), where the power gains are largest and
the computation is light. The burden therefore becomes noticeable only when c,(gy,q) must be
recomputed across many Monte Carlo replications; for a single empirical application it is negligible.

Code that computes c,(gy, ) is provided in the replication package.

5.3 Properties of our test in the limit experiment

In this section, we study the properties of the test ¢(:) in (3.7) in the limit experiment associated

with the asymptotic framework in Section 4.1. By Theorem 1, this test is equivalent to ¢(.S), where

S =(S1,...,5¢), Sj~ Fy(:|20) for j < g, and Sj ~ Fx(:|20) for j > ¢, . (5.9)
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In words, in the limit experiment, we observe one random sample of size g, from the distribution
Fy (:|z0) and the other independent random sample of size g, from the distribution Fx(-|zp). The
KS test statistic in (3.4) is a function of S, and the critical value cq(gy, ¢) remains unchanged. We

begin our discussion by focusing on the case where S is continuously distributed.

The finite-sample properties of the two-sample one-sided KS statistic have been extensively stud-
ied in the literature of testing equality of two continuous (unconditional) distributions. Early works
established that the test statistic’s finite-sample distribution is pivotal under the null and devel-
oped algorithms for its computation (Gnedenko and Korolyuk (1951); Korolyuk (1955); Blackman
(1956); Hodges (1958); Hajek and Sidak (1967), and Durbin (1973)). Our critical value is obtained
from this pivotal finite-sample distribution, despite the different null hypothesis.

This connection to the literature of testing equality of two distributions arises from the ob-
servation that the distribution Fy (-|z9) = Fx(+|z0) is the least favorable within the set of null
distributions Py in (2.3) satisfying stochastic dominance, a point first made by Lehmann (1951)
and later reiterated by Hodges (1958); McFadden (1989), and Goldman and Kaplan (2018). We
define the subset of continuous distributions in Py that satisfy Fy (-|z0) = Fx(-|20) as P{, and de-
note a generic element in Pg by P*. Although these papers studied the distribution of KS statistic
under P*, they did not provide a formal proof that P* determines the size of the test under the
null hypothesis in (2.1). For completeness, we formally state this result in Lemma 1 below, and

provide its proof.

Lemma 1. Let P§ C Pg be the subset of distributions P* of the random variable S in (5.9), such
that for a continuous CDF F, S; ~ F for all j = 1,...,q. Let ¢(-) be the test defined in (3.7).
Then, for any P* € P{, we have

sup Ep[¢(S)] = Ep<[¢(5)] = a
PePy

where a < « is defined in (4.3).

Lemma 1 shows that when S ~ P* € P{, our test is ‘exact’ in that it achieves the closest

possible rejection rate to «, defined as @ in (4.3). In this case, we have
T(S) £ T(U) where {U; ~U[0,1]:1<j < q} are iid.

This demonstrates that the analytical (finite-sample) critical value c,(gy,q) for the one-sided KS
test can be accurately approximated by simulating uniform random variables. However, when
S ~ P € Py is such that P{S; = S; : i # j} > 0, the connection T'(S) L T(U) need not hold.
In this case, ca(gy,q) is no longer the finite-sample analytical quantile of T'(S), but rather a valid

upper bound.

When S is continuously distributed, the proposed test ¢(.S) is equivalent to a non-randomized

permutation test. This connection establishes the validity of permutation tests for testing stochastic
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dominance. While Hodges (1958) and McFadden (1989) suggested that a permutation test could
be used for this purpose, they did not provide a formal justification. To the best of our knowledge,

our proof of this result is novel.

To formally define a permutation test, we introduce the following notation. Let G denote the

set of all permutations 7 = (7(1),...,m(q)) of {1,...,q}. The permuted values of S are given by
ST = (Sx(1)s -+ 5(q)) -
The (non-randomized) permutation test is then defined as follows:
PP(S) :=I{T(5) > ct(5)}
P (S) := inf {|G| Z HT(S™) <z} >1-— a} . (5.10)

It follows from standard arguments (see, e.g., Lehmann and Romano (2005, Ch. 15)) that when S

is invariant to permutations, i.e., S 4 S™, the randomized version of the test ¢P(.S) is exact in finite

samples. However, under the null hypothesis in (2.1), we have that S ;é S™ for some P € Py, and so
invariance (or the so-called randomization hypothesis) fails. Therefore, the traditional finite-sample
arguments for validity no longer apply. Alternative arguments that claim validity of permutation
tests when invariance does not hold typically require ¢ — oo; see Chung and Romano (2013); Canay
et al. (2017), and Bugni et al. (2018), among others. In our current setting, where ¢ is fixed, such

arguments do not apply.

We contribute to this literature by demonstrating that, when S is continuously distributed,
our test is equivalent to a non-randomized permutation test. The formal statement of this result

follows.

Lemma 2. For any random variable S € RY with P{S‘i #* Sj ci# 7} =1, we have
P{R(S) = calay @)} =1 - (5.11)
Moreover, (5.11) no longer holds if S is such that P{S; = S; :i # j} > 0.

Lemma 2 shows that our data-independent critical value in (3.6) is equivalent to the critical
value of a permutation test when the random variable S has no ties. Lemma 2 immediately implies

when S, in (3.3) is continuously distributed, we have

ASS
=]
&
g
=
&

(5.12)

It follows from (5.12) and Theorem 2 that, when S is continuously distributed, a non-randomized
permutation test controls the limiting rejection probability under the null hypothesis in (2.1).

Importantly, this result holds even though invariance does not hold for all P € Py.
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Remark 13. Lemmas 1 and 2 establish the validity of permutation tests for testing stochastic
dominance in finite-sample settings. This result illustrates an instance where permutation tests can
provide finite-sample valid inference even in settings where the randomization hypothesis does not
hold. The only similar result we are aware of is that of Caughey et al. (2023), who consider a design-
based framework with the null hypothesis ; < 0, where T; represents a unit-level treatment effect.
Like our work, their result is valid under the condition that the random variables are continuously

distributed or that a random tie-breaking rule is applied to handle ties. W

The results in Lemmas 1 and 2 reveal interesting and novel connections between our test and
classical arguments involving finite-sample critical values and permutation tests. However, these
results critically depend on the random variable S being continuously distributed and do not extend

to cases where S is discretely distributed.

When S is discrete and ties occur with positive probability, i.e., P{S; = S;} > 0 : 7 # j, the
finite-sample distribution of the KS test statistic 7°(S) depends on the number and location of these
ties. A natural approach to handle ties is to redefine the test statistic to randomly break them,
effectively making the test a randomized one. While this would allow us to establish an analog of
Lemma 2 for discrete data, we do not pursue such an extension, as randomized tests are rarely used
in practice. Despite our best efforts, we were unable to demonstrate that a permutation test could
control size under the null hypothesis of stochastic dominance in (2.1) when S is discrete, without

relying on random tie-breaking rules.

6 Simulations

In this section, we evaluate the finite-sample performance of the test in (3.7) for L = 1 or the
test proposed in Section C.1 for L > 1 through a simulation study. We present a variety of data-

generating processes to illustrate both the strengths and potential limitations of our test.

We consider seven distinct designs with four cases, (a) to (d), in each design as follows:

Case (a): the null hypothesis holds with equality and L =1

Case (b): the null hypothesis holds with strict inequality and L =1

Case (c): the null hypothesis holds with equality and L = 2

Case (d): the null hypothesis is violated and L =1

The first three designs are based on the following location—scale model:

Y =uy(Z)+oy(Z)U and X =ux(Z)+ox(2)V, (6.1)
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where U and V are random variables with specified distributions, and the conditioning variable Z
follows a non-negative Beta(2,2) distribution. Under this location—scale model, whenever oy (z) =

ox(z¢), the null hypothesis in (2.1) holds as long as

py (ze) > px(ze) - (6.2)

Design 1 satisfies (6.2) for all z € (0,1). Design 2 satisfies (6.2) at zy = 0.5, but violates the
inequality for z > 0.5, which may affect the performance of our test in finite samples due to its
reliance on induced order statistics. Design 3 is such that U and V are U|0, 1], which guarantees

that (2.1) holds even when oy (2/) < ox(2¢), provided py (z¢) — px(2¢) > ox(2¢) — oy (20).

Design 4 is a slight variation of the location-scale model to accommodate an RDD:
Y=pu(Z)+oy(2)U ifZ>0, and X =ux(Z)+ox(Z2)V ifZ<0. (6.3)

Following Shen and Zhang (2016), we take U and V to be independent N (0, 1) random variables

and Z ~ 2Beta(2,2) — 1. Both mean functions share the common baseline
p(z) = 0.61 — 0.02z + 0.0622 + 0.1723 |, (6.4)

with uy (z) and px(z) each equal to p(z) or a constant shift of it, as specified in Table 4.

Design 5 is such that U and V follow log-normal distributions with the bottom 20% censored.
This setup reflects features of wage distributions, which often exhibit a point mass at the minimum
wage. Design 6 defines conditional probabilities P{X = k|Z} and P{Y = k|Z} as

i (3-2) ek (5

—  _  and P{Y=k|Z}=——
s G-2) and P{ 12} 53 G-2)

j=1 j=1

0Y(2-2)

P{X =k|Z} = for k=1,2,3,

where, for py(z) € [-1,1],
0y =07 —uy(z), 65=05+uy(z), and 0§ =105.

The parameter 67 = (—0.5, —1.5, —2) controls the baseline log-odds of each category for X, while

the factor (3/2 — Z) introduces a monotonic dependence on Z. Finally, Design 7 considers

1 1
X|Z ~ B<[25Z], 5) and Y|Z ~ B([25Z] + v (2), 5) ,
where B(-,-) denotes a binomial distribution and [x] represents the nearest integer to x.
The parameter values for all Designs are reported in Appendix C.4, where we also report the
mean values of ¢, and g, across simulations. The results in this section compute the data dependent
rule for ¢ using the leave-out rule described in Appendix C.4. The results based on the alternative

rules dicussed in the appendix are quite similar and are not reported here.
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Figure 1: Rejection rates under Hy for Designs 1-4 in cases (a)-(c): n = 1,000, o = 10%, M C = 10, 000.
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Figure 2: Rejection rates under Hy for Designs 5-7 in cases (a)-(c): n = 1,000, o = 10%, M C = 10, 000.
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We report results for sample size n = 1,000 and nominal level o = 10%, based on 10,000 Monte
Carlo simulations to test the null hypothesis in (2.1). To implement the test ¢(-) in (3.7), denoted
by ‘KS’ in the figures, we select the tuning parameters (gy, ;) using the data-dependent rules in
(5.4) and (5.5). For Designs 1-3 with L = 1, we compare our test with the one proposed in Goldman
and Kaplan (2018, GK). For the RDD Design 4 with L = 1, we compare our test with the method

in Shen and Zhang (2016, SZ).? For the mixed and discrete designs, we present results for our test
in (3.7) as well as for its refined version in (5.7).

Figure 1 reports rejection probabilities under the null hypothesis for the continuously distributed
designs. When the data-generating process satisfies the null in (2.1) with equality (case (a)), the
KS test’s rejection probabilities closely align with the nominal level and consistently outperform
the GK and SZ tests. When the null holds with strict inequality (case (b)), rejection rates fall
below «, consistent with our critical value serving as a valid upper bound for the true quantile.

Case (c), where L = 2, shows behavior similar to case (a), where L = 1. Overall, the KS test
exhibits excellent size control.
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Figure 3: Rejection rates under H; for Designs 1-7: n = 1,000, o = 10%, M C = 10, 000.

Figure 2 reports rejection probabilities under the null hypothesis for the mixed and discretely
distributed designs. When the data-generating process satisfies the null in (2.1) with equality, the
KS test we propose in (3.7) works well when the data is mixed, but it is conservative when the

data is discrete with few support points. Designs 6 and 7 illustrate that the refined critical value

287 is implemented using the authors’ rule of thumb, whereas for GK we use our own rule of thumb, as the

original paper does not provide guidance on how to select their tuning parameter. Note that neither of these tests is
defined when L > 1.

26



c(q,qy) in (5.6) offers a more accurate approximation of the true quantile of the KS test statistic,

though it may still be somewhat conservative.

Figure 3 reports rejection probabilities under the alternative hypothesis for all designs. The
power of the KS test is similar to that of GK and could be above, below, or roughly the same. The
power of the KS test is much higher than that of SZ for this design. This is worth noting given
that the KS test uses about 90 observations (for both ¢, and g,) while the SZ test uses 276 effective
observations on each side of the threshold. The power results also demonstrate that the refined

critical value ¢}, (g, ¢y) in (5.6) enhances power in discrete cases.

7 Concluding remarks

This paper introduces a novel test for conditional stochastic dominance (CSD) at target points,
offering a flexible, nonparametric approach that avoids kernel smoothing while ensuring compu-
tational efficiency. By leveraging induced order statistics, our method constructs empirical CDF's
using observations closest to the target conditioning point. We establish asymptotic validity of
our test under two frameworks: one in which the number of neighbors is held fixed, where the
induced order statistics converge to independent draws from the conditional distributions at the
target point; and one in which it grows with the sample size, where we obtain an explicit rate
that accommodates both an estimated target point and a data-dependent choice of the number
of neighbors. Additionally, we extend our framework to better handle discrete data, proposing
a refined critical value that enhances the power of the test with minimal additional information.
Monte Carlo simulations align with our theoretical results and suggest that our test performs well
in finite samples, making our test readily applicable to empirical research in economics, finance,

and public policy.

An important feature of our test is its simplicity. Once the key tuning parameters are computed,
the test only requires a standard test statistic with a deterministic critical value, without the need
for kernels, local polynomials, bias correction, bandwidth selection or resampling techniques such
as the bootstrap. Furthermore, our test admits a clear interpretation in the limit experiment,
which allows us to connect it with classical analytical critical values and permutation-based tests.
In this sense, our findings contribute to the broader literature on stochastic dominance testing by
refining conditional inference methods and establishing new links between permutation-based and
rank-based approaches. One open question we did not address in this paper concerns the validity of
permutation-based tests for the hypothesis of stochastic dominance when both random variables, Y
and X, are discrete. Despite attempts to formalize this result, we were unable to prove or disprove
it. Extensive Monte Carlo simulations (not reported here) suggest that the test may be valid, and

this is an area we plan to explore further.
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Appendix A Proof of the main results

A.1 Proof of Theorem 2

By Theorem 1,
Sy b5 = (S, ,5,)

where the elements of S are independent, and S; ~ Fy(:|2) for j = 1,---,¢q, and S; ~ Fx(-|2) for
j = qy+1,---,q. By the almost-sure representation theorem, we have a sequence of random vectors
{S, :1<i< oo} and a random vector S defined on a common probability space (2, A, P) such that

S‘nisn, SgS, and S, “3° S .
Define the vector of pairwise weak-order relations of ¢, R : R? — {0, 1}‘12 such that
R(s):=(I{si <s;}:1<i,j<q).
Define the event that the rank of the two vectors coincides as follows,
F, ={R(S,) = R(5)} .
To reach the conclusion, it suffices to show that
P{F,} = 1. (A-1)

To see this, consider the following argument,

Erlo(S)] L Eplo(3)] 2 Bplo(S)I{F} + 6EaI(FY L Epl(8)] < o,

where (1) holds by S, L5, (2) because R(S,,) = R(S) implies T'(S,,) = T(S), (3) by (A-1) and ¢(-) € {0, 1},
and (4) by P € Py and Theorem 5.

We devote the remainder of the proof to establishing (A-1). Define D = Dx (29) UDy (z0), where Dx (zo)
and Dy (zg) denote the sets of discontinuity points as specified in Assumption 4. For any € > 0, let

E1<€) = {{|SZ*S]| >€}U{Si :Sj GD}SZ'#]': ].,...,q},
En2(e) = {|Snk — Sk| <e/2:k= 1,...,q},
B, 3= {{Sk eD} C {gk :Sn,k} k= 1,...,q} .

Observe that

El(E) N En’Q(E) N Enyg g Fn (A—2)

To establish this, consider the following argument. For any 7,5 = 1,...,q, there are three possible cases: (i)
S; < S;, (ii) S; > S;, or (iii) S; = S;. First, consider case (i), where S; < S;. Under Ej(g), this implies
S; < S'j — . Under E, 2(e), we have 5'7” —g/2 < S; and S'j < S'n,j + /2. Combining these inequalities
yields g,” < Sn,j, as required. Case (ii) follows identically by reversing the roles of ¢ and j. Finally, consider
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case (iii), where S; = S;. Under Fj(¢), this implies S; = S; € D. By E,, 3, it follows that S,,; = S, ; € D.
Since this argument holds for all i,j = 1,...,q, we conclude that F, follows, as desired.

By (A-2), (A-1) follows that there exits ¢ > 0 such that

P{Ei(e) N En2(e) N Ep3} — 1. (A-3)

For arbitrary § > 0, (A-3) follows from finding & = £(6) > 0 and N(§) such that P{E; () N E, 2(c) N
En3}>1—24 forall n > N(8). Let ey = inf{||d — d||/2 : d < d € D} > 0. By Lemma 4, Je5 > 0 such that,
fori£j=1,...,q,

P{{|S; = 8 < e2} N {5, 5 € D}} < 6/(94(q — 1)) . (A-4)
P{Udepﬂgi - d| < 62} n {S’Z S DC}} < (5/(9(]((] — 1)) . (A—5)
Finally, set ¢ = min{ey,e2} > 0 for the remainder of the proof. By elementary arguments, it suffices to show

that: (i) P{F;(¢)¢} < /3, (ii) 3N2(8) € N s.t. P{E, 2(¢)°} < /3 for all n > Ny(6), and (iii) IN3(6) € N
s.t. P{E, ()¢} < /3 for all n > N3(d). We divide the rest of the proof into three results.

First, we show that P{FE;(¢)¢} < §/3. Pick i # j arbitrarily, and set By, := (Udep{\gk—d\ <e}) N{Sy €
D}, On {S; = 5; € D}°, if S;, S; € D they must differ, so |S; — ;| > 2¢; > ¢ and the event {|S; — S;| < ¢}
is empty; hence

{|Sz *S’j‘ < E}ﬁ{gi = Sj S D}C - ({|§1 *§j| < 6}0{5‘@5}‘ € DC}) UBZ'UBJ' .

Each of the three sets has probability at most §/(9¢(q — 1)) by (A-4) and (A-5), both of which follow from
Lemma 4 and require only independence (not identical distributions) so they apply to cross-sample pairs
i < gy, < j. Summing the resulting bound §/(3¢(q — 1)) over i # j gives P{E;(¢)¢} < §/3, as desired.

Second, we show that IN5(8) € N such that P{E,, »(¢)¢} < §/3 for all n > Ny(8). To see this, note that
~ q ~ ~
P{En2(e)} <Y P{|Sni — Skl > /2} . (A-6)
k=1

By S, “3 S, 3N,(8) such that the right-hand side is less than §/3, as desired. Finally, we show that
3N3(8) € N such that P{E, 3()¢} < /3 for all n > N3(8). To see this, note that
P{E,3(e)°} =P{3k=1,....q: {{S € D} C{Sk = Snx}}}

<Y P{{S, €D} N {Sk # Snr}} -

M=

>
Il

1

By Lemma 3, IN3(0) such that the right-hand side is less than §/3, as desired. This completes the proof of
(A-1) and the theorem.
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A.2 Proof of Theorem 3
We focus on the case L =1 for simplicity. Let

S:= || {(ab} xR,  N:={1,2,..},
(a,b)eN?

be equipped with the sigma-algebra
B:={BCS:B,,:={s¢€ R : ((a,b),s) € B} € B(R**?) for every (a,b) € N°}

where B(R®*t?) denotes the Borel sigma-algebra of R, A function ¢ : S — R is B-measurable if and
only if the section s ~ 9((a,b), s) is Borel measurable for every (a,b) € N?; in particular, the test in (3.7),
viewed as the map ((a,b), s) — I{T(s) > cq(a,a+b)}, is B-measurable.

For each (a,b) € N? with a < n, and b < n,, let M, (a) denote the index set of the a nearest neighbors
of Z, in the first sample and Mz(b) that of the b nearest neighbors of Z, in the second sample, and let
Sa:b denote the vector of induced order statistics in (3.3) formed from My (a) and M, (b); for all remaining
(a,b) € N2, set §&° := 0 € Rt a choice that is immaterial in what follows. The sets M, (a) and M, (b) are
nested in a and b and, being functions of the Z observations, Z,, and the tie-breaking rule alone, they are
A-measurable for every fixed (a,b) by Assumption 5; this is the property used in Step 1 below. Similarly,
let {S°(a,b) : (a,b) € N?} be a family of random vectors, independent of the data, whose components
are mutually independent with Y;* ~ Py, for i < a and X7 ~ Px ., for j < b. With these definitions,
S, = S and §° = S°(qy,qs) by (4.4). We also record two conventions. First, 1 < ¢, < n, and
1 < g, < n, almost surely, as is automatic from the construction of the test; this is used when writing
finite sums below. Second, since each R**? is a standard Borel space, regular conditional distributions of
S’Z’b given A exist, and their total variation distance to any fixed probability measure can be computed as a
supremum over a countable field generating B(R**?); all conditional total variation and Hellinger quantities

appearing below are therefore well defined and .A-measurable.

We proceed in four steps: a conditional product representation at fixed (a,b), a bound on the conditional
Hellinger distance on a suitable event, the removal of the conditioning, and the implications for size and

power.

Step 1: Fix (a,b) € N? with a < n, and b < n,. By Assumption 5 and the preliminaries, conditionally
on A, the quantities 2,, the index sets (M, (a), M, (b)), and the ordering of the selected indices are deter-
ministic. Since observations are independently drawn within each sample, and the two samples are mutually
independent, and each outcome is independent of all remaining Z observations conditional on its own, it
follows that

L(S|A) = ® Py z ® ® Px z, , (A-7)

i€ M, (a) FEN, (b)

which repeats the conditional representation used in the proof of Theorem 1, the only difference being that
the selection is governed by Z,; the A-measurability imposed in Assumption 5 is what guarantees that this
difference is immaterial. Since the family {S°(a,b)} is independent of the data,

b

L(S°(a,b) | A) = (Py,2)" ® (Px.z) (A-8)

Next, recall that the Hellinger affinity 1 — H? is multiplicative across independent components, so for product
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measures with components indexed by /£,

1)
H(Q@ P, @) =1-T] (1~ B2(P,Q0) < Y H(PQ)
¢ ¢ ¢ ¢
where (1) follows by induction from 1 — (1 — u)(1 —v) < w4+ v for u,v € [0,1]. Applying this to (A-7) and
(A-8) yields, for every (a,b) with a < n, and b < ng,

HQ(ﬁ(gﬁ’bM)»(PY,zO)“®(PX,ZO)b) < Z H*(Py,z,, Py.,) + Z H?*(Px,z;, Px,) - (A-9)

i€My(a) JEM(b)
Step 2: Define the radii
2 q 2 q
Ty;:—~q—y, Txizf'qi, (A—lO)
Cy Ny Cx Ng

and the counts

Ny Ny
Ny=3 HZi—zl<r} . New=3_H|Z—z| <1}
j=1

i=1

Since gy, /n, — 0, we have r, < rq for all n large enough with ry > 0 as in Assumption 7. Thus, for all n
large enough, Assumption 7 yields p, := P{|Z; — 29| < ry} > cyry = 24, /ny and hence E[Ny] = nyp, > 2q,.
As N, is a sum of n,, i.i.d. indicators, the multiplicative Chernoff bound (see, e.g., Dubhashi and Panconest,
2009, Theorem 1.1) gives, for all n large enough,

P{N, < ,} < P{N, < EIN,}/2} < exp (- EIN,}/8) < e/ | (A-11)
An analogous argument yields P{N, < ¢,} < e %/% for all n large enough. Define the event
G = {120 — 20l <00} N {ey <Gy @o <T@ N {Ny > Gy, No > G2} (A-12)
and note that G,, € A and, by Assumptions 5-6 and (A-11),
P{G} <ep+mn +e W/t p @/t (A-13)

On G,, at least g, observations of the first sample lie within r, of 29, and hence within r, 4 d0,, of Z,;
consequently, for every a < §,, each of the a nearest neighbors of 2, satisfies |Z; — 2,| < r, + 0, and
therefore

| Zi — 20| <|Zi — 20| + |20 — 20| <7y +26,, i€ My(a), a<q,. (A-14)

An analogous argument yields
|Z; — 20| <7re+28,,  jEMb), b< . (A-15)

For all n large enough, r, + 26,, and r, + 24, lie inside the neighborhood N of Assumption 8, so, on G,, and
for every (a,b) with a < g, and b < g, we obtain

A a ¢))
H? (5(55’b|A)a (PY,Zo) ® (PX&o)b) < L}a (ry + 20,)% + L b (re +26,)°
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(2) q 2 q 2
Ny Ny

where C; depends only on (Ly, Lx,cy,cx), (1) holds by (A-9), (A-14), (A-15), and Assumption 8, and (2)
by (A-10). By increasing the constant C; if necessary, (A-16) can be extended to all n.

Step 3: Since the events {¢, = a,q, = b} partition the sample space (by the convention 1 < ¢, < n,,
1< ¢, <ng)and S, = gf{b on {g, = a,q, = b}, for every B € B,

{((4y,42):80) € BY = Y > Hay = a,q0 = b} {5 € Bup}

a<ng b<ng

and the same identity holds with S°(a,b) in place of S%°. Therefore,

P{((ays0:):S0) € Bl A = 3 " Hay = a4, = b} P{S2% € Buy | A} (A-17)
a<n, b<ng

P{(2:0:).8°) € Bl A} = 3 3" gy =a,q0 = b} (Przy)" © (Px.zy) (Ba) . (A-18)
a<n, b<n,

where (A-17) and (A-18) use that I{g, = a,q, = b} is A-measurable and that the sums have finitely many
terms, and the latter also uses (A-8). Letting

Aa,b(Ba,b) = P{S'Z’b € Bap | -A} - (PY,zo)a & (PX,zo)b(Ba,b) s

we obtain

(€]

TV (£(y, 4o $0) £y, 42:5°) ) & sup [E[P{((ay02), $0) € B A} = P{((a,0:). 5°) € B| A}]|

BeB
)
“om[El 3 3 o= e =8} dusl B
3)
g S > Hay=a,q. = b} TV(C(S;‘”’ | A), (Py2)" ® (PX,ZO)b)] , (A-19)

a<n, b<ng

where (1) holds by the definition of total variation on (S,B) and the law of iterated expectations, (2) by
(A-17) and (A-18), (3) by the triangle inequality and moving the supremum inside the expectation, and
(4) because, for each realization, exactly one indicator is nonzero, so the inner supremum equals the total
variation distance between the corresponding pair of laws on R%*? attained by optimizing B,; at the
realized (a,b) = (qy, ¢z)-

Next, split the expectation in (A-19) over G,, and its complement:

E

> HKay=a,¢.=b}TV (c(S*gvb | A), (Pyz)" ® (Px,zo)b)]

a<ng, b<ng

(5)
<E +P{Gn}

HGa} 30 Y Hay = aae =0} V2 H(L(S2" | A), (Prsy)" @ (Pxs)’)
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(6)

< m{ﬁ(zmn)h/q:(zwn)}ua{gg}

) _3/2 _:;/2 ) )
=C (qy i qT + /By 00+ VT On | +En e W/ 4B (A-20)

Ny

where (5) holds because on G,, the realized pair satisfies ¢, < ¢, and ¢, < @, TV < V2 H, and on Gge
the sum is bounded by one, since it contains a single nonzero total variation term, (6) by (A-16) applied
at the (unique) realized pair (a,b) = (qy,¢s), which satisfies a < g, and b < G, on G, together with
Vu+ov < u+vand a < gy, b< g, and (7) by (A-13) and collecting constants. This establishes (4.5)
with ¢ = 1/4.

Step 4: The test ¢ in (3.7), computed with the realized pair (gy,¢.), is the indicator of a set in B. Hence,
directly from the definition of total variation on (S, B),

EP[¢(§H)] - EP[¢(SO)]’ § TV(L(an 4z, Sn)a‘c(an qx, So)) ) (A_21)

which parallels the argument in (A-19). Conditional on (g,,¢s), the vector S° consists of ¢, i.i.d. draws from
Py ., and ¢, 1.i.d. draws from Py ., mutually independent, and the critical value is ¢4 (gy, ¢). Therefore, for
any P € Py, Theorem 5 applied at the realized pair (gy, ¢,) yields

Ep[6(S°) |ty @] < (A-22)

Taking expectations in (A-22) and combining with (A-21) and (A-20) proves (4.6), and the asymptotic level
claim follows under (4.7) since every term on the right-hand side of (A-20) then vanishes as n — co.

For the power claim, fix P’ € Py, and let t*, ¢, and k, be as in Lemma 7. Since the family {S°(a,b)} is
independent of the data and (gy, ¢,) is A-measurable,

Ep [¢<So) ’ Qy; Qm] = h(Qy, Qx) ) where h<a7 b) = Ep [¢(SO (a'7 b))] .

Fix any m € N with 2ko/\/m < ¢/3. By Lemma 7(ii), h(a,b) > 1 — 2¢=2m"/9 whenever min{a, b} > m,
and therefore

Ep/[¢(S°)] > E[h(qy, ¢z) I{min{qy, ¢.} > m}} > (1 — 26_27”52/9) P{min{q,,q,} > m} .

Since min{gq,, ¢} - oo by hypothesis, P{min{q,, ¢, } > m} — 1 for every fixed m, so liminf,,_,, Ep/[¢(5°)] >
1—2¢72m<"/9 Letting m — oo yields Eps [0(S°)] — 1. Combining with (A-21) and (A-20), whose right-hand

side vanishes under (4.7), gives Ep/[¢(Sy,)] — 1, as desired.

A.3 Proof of Lemma 1

Note that W
Ep-[¢(S)] < sup Ep[#(5)] < a,
PePy

—
no
—
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where (1) holds by P* € Py and (2) by Theorem 5. To complete the proof, it suffices to show that
Ep«[¢(S)] = @&. To this end, consider the following argument:

Ep-[¢(5)]

y

sup 721{5 <t}—* Z I{S; <t} | > calay,q)

teR T j=qy+1

W p

teER J=aqy+1

2 P*{sup —ZI{U < F(t)} - ql S AU SFW} | > calaysa)

sup ZI{U <up-— Z HU; <u} | > calay,q)
qx

u€(0,1) Qy =y 41

@ g, (A-23)

where (1) holds by (3.4), (2) holds by Pollard (2002, Eq. 36) and the same arguments used in the proof of
Theorem 5, (3) follows from the continuity of F' guaranteeing that

sup Aqy ¢ (F(t)) = sup Aqy,q(u)
teER u€(0,1)

for Ag, q(u) = - ?il H{U; <u}— ﬁ I{U; < u} as defined in (3.5), and (4) by definition of &

qy j= Qy+1
n (4.3).

A.4 Proof of Lemma 2

Let Q := {Q1,...,Qq} = {1,2,...,¢} and denote by Q™ := {Qr1), @r(2) - --,@nr(q)} the permutation m =
(m(1),7(2),...,m(q)) of Q. Let R(s) denote the rank of s, which maps s to a permutation of Q). Since the
KS statistic T'(+) in (3.4) is a rank statistic, it follows that for any s

T(s) = T*(R(s)) , (A-24)

where T is a known function; see Hajek et al. (1999, page 99). That is, the KS test statistic depends on S
only through R(S). Define

b = inf {|G| ZI{T QM) <x}>1—a} . (A-25)

zeR
TeG

We divide the rest of the argument into four steps.

Step 1. For any s € R? with s; # s; for i # j, and ¢ (s) as in (5.10),

cP(s) = .
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To establish this, consider the following derivation,

€eG
® Q7
= < >1-
;Ielg |G| Z I{r Q") <z} >1 a}

Here, (1) follows by (A-24), (2) follows since s; # s; for i # j implies that R(s™) = (R(s))™ and R(s) = Q™)
for some 7 (s) € G, (3) by G = G := {mo7(s) : 7 € G}, which follows from the fact that G is a group, and
(4) by (A-25).

Step 2. ¢® = ¢4 (qy, ), where ¢4 (gy, ¢) is defined in (3.6).

Let {U; : 1 < i < g} be i.id. with U; ~ U (0,1) and let 7 be a uniformly chosen permutation from
G, independent of U. Note that cq (gy,q) is the (1 — a)-quantile of T(U) and, by (A-25), b is the
(1 — a)-quantile of the CDF l—cl;l Y omec I{T*(Q™) < x}. The desired result then follows from noting that
ﬁ Y oree I{T*(Q™) < x} is the CDF of T'(U), as we show next.

Let E :={U; # U; for i # j}. For any « € R, our desired result follows from this derivation:
P{TW) <2} € P{TU) <2}
Y pl{rw™) <a2}nE}

@ x
Y e Z T < aharg
@ “Q™) <z
0 /ueE|G|Z”T Q") < ) AP} (u)

|G| S IH{T(Q7) <}

TeG

Here, (1) holds by U < U™, (2) and (5) by P{E} =1, (3) by # L U and # uniformly chosen in G, and (4)
by repeating the arguments used to derive (A-26).

Step 3. By Step 1, {S; # S; fori # j} C {cB(S) =2}, and so P{cE(S) = &} = 1 holds by our assumption.
By Step 2, & = ¢4 (¢qy,q). The desired result follows from combining these points.

Step 4. To show the last statement, consider S = {1:1 < j < ¢}. Then, T(S™) =T(S) =0 for all 7 € G,
and so P (S) = 0. On the other hand, Step 2 implies & = ¢4 (gy, q), which are positive for typical values of
(gy,q, ). For example, ¢, =1, ¢ =2, and a = 0.1 yield &, = ¢4 (gy,q) = 1.
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Appendix B Supporting technical results

For any ¢ > 0, we use 0.(1) to denote an expression that converges to zero as ¢ — 0. Analogously, for any

n € N, we use 0,(1) to denote an expression that converges to zero as n — oco.

B.1 Auxiliary theorems

Theorem 4. Let Assumptions 1, 2, and 3 hold with Z = {z1, z2,...,z1}, and let S’fl be defined as in (C-1)

based on z, ; instead of z;, with distance ties broken by any A-measurable rule. Then,

(SR (SEY) 5 (1), (S (B-1)

where, for any (s{,...,s§5,325+17...,s§g) e R foreach¢=1,...,L withq’ = q§+qﬁ fized, ((S*),...,(ST))

has the following distribution:

L ¢ L 4,
NN {si<sit e = T Fr(stlz0) HFX Siaqelze) - (B-2)
£=1i=1 r=1i=1
Proof. For each ¢ = 1,... L, let §(Z2) :==|Z — 2, g\ let Mé denote the subset of the indices i = 1,...,n,
corresponding to the qg first ge-order statistics ( / (1) Zf; (qe)), and let M! denote the subset of the
ys\dy
indices j = 1,...,n, corresponding to the ¢’ first g,-order statistics (an 1y Zf; (ql)). Since each 2, ,

is A-measurable by Assumption 1 and distance ties are broken by an A-measurable rule, the sets Mﬁ, MY

and the orderings within them are A-measurable. Let E,, denote the following event:

By = Euyy 0 En, s where By, yi= () {Mi0M, =0} and By, o= () {MInMS =0}
1<0</<L 1<b<t/<L

In words, F,, means that the subsets of the data used in each of the L tests are pairwise disjoint within each
sample. Note that F, € A. We begin by showing that

P{E,} —1. (B-3)

Set &:= ymin{|zg — zp| : L £, £,0' =1,...,L} >0 and fix ¢ € (0,) arbitrarily. Set
Gp:={max|Z,s— 2| <eg/2:4=1,...,L} .

For each £ = 1,..., L, let By, := S I{|Z; — 20| < ¢/2} and By := S1%, I{|Zi — 20| < €}, and define
By, and B&I analogously for the second sample. Note that

qu

G, ﬂﬂ{Bey>qy} C N2 — sl <32/2) € Eapy, (B-1)

(=11i=1

where (1) holds by the fact that, for every £ =1,...,L, G, and {By,, > qf} imply that |2, ¢ — z¢| < /2 and

|ZA£V (i) ~ Zne| Sefori= 1,...,q£, and (2) by the fact that for £ # ¢/ we have |zp — zp| > 4€ > 3¢, so no

36



sample observation can lie within 3¢/2 of both z, and z,, and therefore M?f N Mﬁl = () for all £ # ¢, which

implies E,, 4.

The same argument applied to the second sample yields the analogue of (B-4) with (By.s, ¢%, Zﬁm,(j)’ E,. )

in place of (By,y, qf, ZAfLw(i), E,, ). From here, we have that (B-3) follows if we show that
P{G;} — 0, (B-5)
P{Byy <q,} =0 and P{By, <q.} =0 forall¢=1,...,L, (B-6)

since then P{ES} < P{G¢} + ZZL=1 (P{By, < qf;} + P{By, < ¢‘}) — 0. Note that this union bound does
not rely on the independence of the two samples: GG,, may involve the Z observations from both samples, as
is the case when %, ¢ is computed from the pooled data.

Note that (B-5) holds by Assumption 1 and L being finite. For (B-6), we only prove the first convergence,
as the second is analogous. Since the count By, is centered at the non-random point z;, By, ~ Bi(n,, P{|Z;—

ze| < e/2}), where P{|Z; — z| < ¢/2} > 0 by Assumption 2. By this and maxs=1, 1 ¢* being bounded,
3N (e) s.t. for all n, > N(e),

1 4
0< —P{|Z — 2| <e/2) < P{|Z; — 2| <¢/2) — max 2. (B-7)
2 €=1,....L Ny

Then, for all n, > N(e), we have
P{By, < g4} = P{Byy/n, — P{|Z; — 2| < e/2} < g} /ny, — P{|Z; — z| < e/2}}
%) P{|Bey/ny — P{|Z; — 2| </2}| > L P{|Z; — 2| < /2}} %o,
as desired, where (1) holds by (B-7) and (2) holds by the LLN as n, — occ.

We are now ready to prove (B-1). For any (s{,... see, f; REEE .,sf;z) € R for each £ = 1,...,L with
?/ Y

¢ = qé + ¢%, we have

PIAN {50 =)

=1:=1

~

m<s}mm{xe A}

@ g P{ﬁ{q{ <s}ﬂﬂ{Xe[]]<sj+qy }A}I{En} + 0n(1)
L =1 =1 ]

2 ﬁp{{ﬁ{ t < }ﬂﬂ{ﬂm_ }A}I{En} +oa(1)
_€=1 =1 ]

Ep2 ZHP{{Q{ i ﬁs}ﬂﬂ{ nli] < Sjag }A} +on(1)
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£
a, ¢

L q-Tr
(5) ;, 5
=E H HFY(SQZﬁy,(i)) H FX(S§+q§ \Zﬁz,(]‘)) +on(1) , (B-8)
=1 | i=1 =1

where (1) holds by the LIE, (2) and (4) by (B-3) and the conditional probability being bounded by one,
(3) by Assumption 1 and the fact that, conditional on E, € A, the ¢-th bracket term is a function of
{Vi:ie M} and {X; : j € M} only, which are pairwise disjoint observations across £ =1,..., L, and (5)
by Assumption 1 and the A-measurable tie-breaking rule, the indices of the selected observations and their
ordering by g, are A-measurable, so conditional on A the vector (Yff)[l], cee er,[q{;]’Xi[l]’ . ,)A(fb,[qﬂ) has
independent components with conditional conditional CDF's Fy(~|ZA£y’(i)) and FX('|Z£z,(j))‘

Next, we show that

Zf;w(i)ﬂw forall i=1,...,¢)and £=1,...,L, (B-9)
ZAflm)(j)ng forall j=1,...,¢  and ¢=1,...,L. (B-10)

We only show (B-9), as (B-10) can be shown analogously. Fix ¢ € (0, &) arbitrarily, with G,, and By, defined
as before. By (B-4)-(B-6), we conclude that

£
L 4y

P{ N NIZE, o) — =l < 35/2}} 1.

t=1i=1
Since the choice of € € (0,&) was arbitrary, (B-9) follows.

By (B-9), (B-10), and Assumption 3, Fy (s{|Z} ) © Fy(s{|z) and Fx(s§+q5 RS FX(sﬁﬂg |2¢)

for every i, j, £, and every (s{,..., sfl,_z). By this and the fact that the integrand in (B-8) is bounded by one

and converges in probability to a constant, it converges in L' and so

2 ¢
qy

L ¢ L I
lim P Zﬂ ﬂl{sﬁ,i < sf} - }I Hle(sf|Zg)1‘[1FX(s§+q§|z@) . (B-11)
=1i= =1 |i= j=

By definition of convergence in distribution, (B-11) implies (B-1), as desired. B

Theorem 5. Let S be the random variable in Theorem 1. Then, for any P € Py and o € (0,1), we obtain

Epp(9)] <a<a,

where
1 qy 1 q
a:=Pq sup | — ZI{Uj <u}-—— Z HU; <u} | > calqy,q) p - (B-12)
ue(0,1) \ y =1 L Bl

Moreover, the first inequality becomes an equality under P such that Fy (t|z0) = Fx(t|z0) for allt € R and
these are continuous functions of t € R.

Proof. Recall that S = (S1,...,8,,8,+1,--.,9) are independent, and such that S; ~ Fy(t|z) for all
Jj=1,...,qy and Sy 1 ~ Fx(t|z) for all j = 1,...,q,. Denote by Qy(:|20) and Qx(-|z0) the quantile
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functions of Fy (t|z9) and Fx(t|z¢). Consider the following argument:

P{ max ZI{S <Sk}*qf Z I{S; < Sk} | > calay,q)

ke{l,...,qy} it
y

q

1 ¢ 1
=r sup ;ZI{QY(Uj‘ZO) <t}- o > HQx(Ujlz0) t}) caldy: q
= ¥ =gyt
@ -
= P { sup —Z[{U < Fy(t]z0)} — — Z I{U; < Fx(t|20)} | > calay,q
tey Az =y 41
1 dy 1 q
sup —Z[{U <FX(t\z0)}—— Z H{U; < Fx(t|z0)} | > calay,q

te¥ \ v ; T j=qy+1

q

sup —ZI{U <u}—(7 Z HU; <u} | > calay,q }

uel Jj=ay+1

1=
)

INE
v
—— —— —— ——

q

sup ZI{U <U}—qf > HU; <u} | > calay, )

u€(0,1) j=gy+1

ING
v

—~
=

:a’

where (1) follows from the quantile transformation and the fact that replacing maxgcy1,... q,} With sup;cy

does not affect the magnitude of the test statistic, (2) follows from Pollard (2002, Eq. 36), (3) from P € Py,
(4) from a simple change of variables and U := Uiy {u = Fx(t|z0)}, (5) from U C [0, 1], and (6) from the
definition of ¢, (gy,¢) and &, and the fact that {U; : j =1,..., ¢} are i.i.d. distributed as U(0,1).

To conclude the proof, it suffices to show that: (i) inequality (3) holds as an equality under the condition
Fy(t | z0) = Fx(t | zp) for all t € R, and (ii) inequality (5) holds as an equality when these functions are
continuous in ¢. The first claim is immediate. For the second, it follows from the fact that the continuity of
the CDFs implies i = (0,1). By elementary properties of CDFs, lim;—, o Fx(t | 20) = 0 and lim;_, o Fx (¢ |
zp) = 1. By the intermediate value theorem, for any u € (0, 1), there exists ¢ € R such that u = Fx(t | 20),
implying u € U, as desired. B

B.2 Auxiliary lemmas

Lemma 3. Suppose that S, ~ P with P satisfying Assumptions 2, 3, and 4 hold. Consider a sequence of
random vectors {S,, : 1 < n < oo} and a random vector S defined on a common probability space (Q, A, P)
such that

S LS, SL£S  and S5,“%S. (B-13)

Then, for any j € {1,...,q},
P{S,;#5S;, S; € D} =o0,(1) .

Proof. We focus on an arbitrary j € {1,...,¢,}. The argument for j € {g, +1,...,q} follows analogously
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by replacing Y with X. By Lemma 6, it suffices to show that

sup [Fg, (1) = Fg, (t)] = 0a(1) | (B-14)
teR

where Fg and Fg denote the distribution functions of S,.; and S; in (Q, A, P).
By the proof in Theorem 4 (with L = 1 and Z = {z}), we have Fg,(t) = Fy(t|2) and Fs, ;(t) =
E[Fy (t|Z,, ;))] where Z,, 2 2. By these and (B-13), (B-14) follows from

sup |E[Fy (t|Z,, j))] = Fy (t|20)] = on(1) . (B-15)

For any € > 0,

ElFy (112, ()] = /

|z—z0|<e

Py (2)dPz,, ()4 [ Fy()dPz,, (2

|z—zg|>e
<[ RRPL, () P2, - 2> )
|z—z0|<e

W / Fy (t12)dPy, ,(2) +oa(1) ,
|z—z0|<e )

where (1) holds by Z,, ;) % 29. Then,

sup |E[Fy (t|Z,,,(;))] = Fy (t|20)] < sup sup  [Fy(tz) — Fy (t[z0)] + on(1) .
teR teER |z—2zp|<e

Fix ¢ > 0 arbitrarily. By Assumption 3, 3¢ > 0 such that sup,cg sup|._. <. [Fy (t[z) — Fy (t|z0)| < 6/2. For
all large enough n,, the right-hand side is bounded above by §. Since the choice of § was arbitrary, (B-15)
follows. m

Lemma 4. Let V; and Va5 be independent random variables that are discontinuous at a finite set of points

D1 and D, respectively. Then, for any § > 0, Je > 0 small enough s.t.

P{Ugep, {|Vi —d| <e}n{V1 € Di}} <6,
P{{{Vi = Vol <e}n{V1 e DitN{V, eD5}} <6 .

Proof. Set & :={min|d—d|:d,d e Dy Nd+#d} > 0. For any ¢ € (0,/2),

P{Ugep, {|V1 —d| <e}n{Vi € Di}}
< Z P{IVi —d| <e}n{V1 € Di}}

deD;y

<w Y PVied-cdu(dd+e} Z2o.),
deD,

where (1) holds by € € (0,&/2) and (2) by the fact that (d — ¢,d) N (d,d + ¢) has no discontinuities in the
CDF. The right-hand side is less than § by making ¢ arbitrarily small, as desired. Also, for any ¢ € (0,£/2),

PHIVI = Vol <epn{Vi e DI} n{Vs € D3}}
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) _ 2
@w / P{{|Vi — vz <e}n{Vi € Di}}dPy, (v2) = o=(1) ,
D3

where (1) holds by V; L V3, and (2) holds by Lemma 5 and the dominated convergence theorem. The
right-hand side is less than § by making € arbitrarily small, as desired. B

Lemma 5. Consider a random variable V- whose CDF is discontinuous at a finite set of points D. Then,
for anyv € R,
P{{|V —v| <e}n{V eD}} =o0.(1) .

Proof. Set & := {min|d —d| : d,d € D; Nd # d} > 0. Fix ¢ < /2. There are two possibilities: v € D or
v ¢ D. First, consider v € D. In this case,

P{V —v|<eln{VeD}<P{Vew—cv)n(wvte)l Lo,

where (1) holds because (d — ¢,d) N (d,d + ) has no mass points. Second, consider v ¢ D. Then,

PV — 0| <e}n{VeD)V < Fy(v+e)— Fr(v—e) 2 o.(1),

where (1) by the fact that (v — e, v + €] has no mass points, so Fy is continuous on that interval. m

Lemma 6. Let {V,, : n > 1} be a sequence of random variables that satisfy V,, 5V, where V is a random
variable whose CDF' is discontinuous at a finite set of points D. Furthermore, assume sup,eg |Fv, (t) —
Fyv(t)] = 0. Then,

P{veD}In{V,#V}} =0.

Proof. Fix 6 > 0 arbitrarily. It suffices to find N = N(J) such that P{V € D,V,, # V} < ¢ for all n > N.

Set & := {min|d —d|:d,d e DNd # d} > 0. For any ¢ € (0,£/2), consider the following argument.

PRV eDyn{Va #V}}
=Y P{{V=din{V, #d}}

deD

e S PV =d}n{Vy #d} n{|Vo —d| <e}} +0a(1)
deD

<Y P{Vae(d—cd)n(d,d+e)}+on(l)
deD

DN PV e(d—ed)n(dd+e)}+ou(1)
deD

D e (1) + on(1)

where (1) holds by V,, © V., (2) by sup,cg | Fv, (t)— Fy (t)| = 0, (1), and (3) by the fact that (d—¢, d)N(d, d+¢)
has no discontinuities in the CDF. For all large enough n and small enough ¢, the right-hand side is bounded
by ¢, as desired. &

Lemma 7. Let a € (0,1) and P’ € Py := P\Py be given, and let t* € R and € := Fy (t*|20) — Fx (t*|z0) > 0,
which exist by the definition of P1. Let ko 1= \/log(2/a)/2. Then:
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(i) cala,a+b) < ko(a 2 +b712) for all (a,b) € N?;

(ii) for every (a,b) € N? such that rq(a™? +b"1/?) < ¢/3,

Ep [QZ)(SO(G,Z)))] > 1-— 6720‘52/9 - 6721)62/9 )
In particular, Ep/[¢p(S°®(an,by))] — 1 along any sequences (an, by) with min{a,,,b,} — oo.

Proof. We first prove (i). By (3.6), ca(a, a+b) is the 1 —a quantile of sup ¢ (9 1) Aq,a+5(w), Where Ag o44(u) =
Ga(u) —I;Tb(u) and G, and H, denote the empirical CDFs of two independent i.i.d. samples from the uniform
distribution on (0, 1), of sizes a and b; see (3.5). For every u € (0,1),

A arn(u) = (Galu) —u) + (u— Hy(w)) < sup (Go(u) —u) + sup (u— Hy(uw)) .
u€e(0,1) u€(0,1)
By the one-sided Dvoretzky—Kiefer—-Wolfowitz inequality with the tight constant (Massart, 1990, Theorem
1), P{sup,(Ga(u) —u) > £} < e729" for every £ > 0, and the same bound holds for sup, (u — Hy(u)) by

symmetry. Setting &, := kqa~/? and &, := kob~'/?, so that o208 = =266 = a/2, the union bound gives

P{ sup Agaqp(u) > &, +§b} <a,
ue(0,1)

and therefore ¢y (a, a4 b) < & + & = ka(a™ % +b71/?), as desired.

We now prove (ii). Let Fo(t) := a~! Yica Y <t} and Fg(t) == bt > j<p I{X5 < t} denote
the empirical CDFs of the two blocks of S°(a,b), and recall from (3.4) that the test statistic satisfies
T(S°(a,b)) > Fo(t*) — Fg(t*). Since aFg(t*) is a Binomial random variable with success probability
Fy (t*|20), Hoeffding’s inequality yields

P'{F;(t*) < Fy(t*]z0) — 5/3} < e 20%/9 P’{F;;(t*) > Fy (t*]20) +5/3} < 29

On the intersection of the complements of these two events,

T(S°(a,b) > F(t") — FR (1) > (Fy(t"]z0) — ¢/3) — (Fx(t'|20) +/3) = ¢/3 > cala,a+b),

where the last inequality holds by part (i) and the hypothesis s (a~'/24+b71/2) < £/3; hence the test rejects.

Part (ii) then follows from the union bound. The final claim follows from (i) and (ii), since k4 (an vz

b;l/Q) — 0 and both exponential terms vanish as min{ay,,b,} — co. B

Appendix C Extensions and Supplementary Analyses

C.1 Multiple target points
Throughout the paper, we have focused on testing the null hypothesis (2.1) with L = 1 to emphasize the

main ideas and maintain clarity. This section describes how our method extends when L > 1. In this setting,

we address the intersection nature of the null hypothesis by using a maximum test.
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To formally define the test, we need to update our notation to explicitly reflect dependence on both ¢
and «. Consider the point zp € Z for some £ € {1,...,L}. Let go(Z) := |Z — 2| and, for any two values
2,2 € Z, define the ordering <, as follows:

2 <y 2 ifand only if ge(2) < go(2') .

For each /, this leads to g-order statistics Zy (;) in each sample, as well as induced order statistics for Y and
X, that we denote by

Yo, Yo, 2 Yoy fgy) 204 Xp 0, X0 s X

nT[[IT] :

As with L = 1, any ties in the g-ordering can be resolved arbitrarily. Finally, if we let n := n, + n, and
q := gy + gy, the effective (pooled) sample is given by

XZ

Sy = (81, Sh,) = (Yﬁ”m, o e la]) -

n

(C-1)

l ¢
Yo lay) X, 1] -

Our test is entirely based on S%, with the default test statistic being

T(S%) = Fl o) = F (1)) = FY (S ) — F (S¢ ;
(51) =sup (FLy(0) = Flx(®) = max  (FLy(Sh0) = Flx(55.0))

where the empirical CDFs are,
1 & 1 &
Fﬁ,y(t) = o ZI{thj <t} and Ff;X(t) = w ZI{Sf;,qerj <t}.
Yy j=1 x =1

In order to define our test below in (C-2), we first introduce ¢¢(c), where

(W(waa) = I{T(Sﬁ) > Ca(va(J)} :

The test ¢¢(S%, @) depends on the point z, or equivalently the index ¢, in two ways. First, the random
variable S¢ depends on z, through the induced order statistics, meaning the test statistic 7'(S) is influenced
by the choice of the target point z,. Second, the critical value c4(gy, ¢) is a function of (g, ¢), which, through
the data-dependent rules introduced in Section 5.1, implicitly depends on z;. The dependence on « is directly

evident from the definition of the critical value ¢, (gy, q).

To test the null hypothesis in (2.1) when L > 1, we propose the following test:

O(Sh, 2, SE) 1= max 6, (S 1-(1-a)V/) . (C-2)
te{1,...,.L}
In other words, the test ¢(S}, 52, ..., SL) is the maximum of the L individual tests, each computed at a

target point zy. However, each of these individual tests is performed at a level of 1 — (1 — 04)1/ L rather than
at the nominal level a. Since Z consists of a finite number of points, the asymptotic validity of the test ¢(a)
follows from the validity of each individual test ¢, and the fact that they are asymptotically independent.
We formalize this result in Theorem 4.
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C.2 Results for other test statistics

Our paper proposes the test in (3.7) based on the one-sided KS test statistic in (3.4) and a critical value in
(3.6) constructed by simulating i.i.d. uniform random variables applied to this statistic. In this section, we
investigate the properties of analogous tests that replace the KS statistic with other commonly used statistics
in the stochastic dominance literature, such as the Cramér—von Mises (CvM) and Anderson-Darling (AD)

statistics.

The main takeaway of this section is that the validity of our approach does not extend to tests that
replace the KS statistic with the CvM or AD statistics. Specifically, we provide examples of data-generating
processes that satisfy the null hypothesis in (2.1) and the test overrejects. Our examples involve discretely
distributed data, which is allowed by our assumptions. That said, the CvM-based version of our test remains

valid under the assumption of continuously distributed data, as we show later.

For concreteness, we now define the CvM and AD analogs of our test for the null hypothesis in (2.1).
Given the pooled sample S,, in (3.3), the one-sided CvM test statistic is given by

Tow(Sh) = / (Fuv(s) ~ Bux(s)) dn, ;zq:( D= Eax(S) (@)
j=1

where F), g(s) denotes the empirical CDF of S, and z* = max{z,0}2. In turn, the one-sided AD test

statistic is given by

. . + +
Tap(Sn) :/ <FnY(S) _ HVX(S)) zq: g"Y &l "X(S"J)) . (C-4)

1
Fn,S(S)(l - Fn,S(S)) ” S 8 5J:1 n,S(S ) (1 — Fn,S<Sn,j))

These statistics align with their standard textbook definitions, as discussed in Hajek et al. (1999, p. 101).
For both of these statistics, we can define the analog test as in our paper. For the CvM statistic, the

corresponding test is
¢CVM(S) - I{TCVM(S) > Ca,CvM(anQ)}~ (0_5)

where ¢ cvm(qy, ¢) = infrer {P{Tcvm(U) <z} > 1—a} and U = (Uy,---,U,) is a vector of i.i.d. U(0,1).
The testing procedure based on the AD statistic is defined analogously.

We are now ready to argue that the CvM and AD analogs of our test are invalid under our assumptions.
Since the CvM and AD statistics are both rank statistics, we can repeat arguments in Theorem 2 to show
that, for any P € Py,

Jim_ Eplpovm(Sn)] = Eplpcvm(S)]  and Jim Ep[¢an(Sn)] = Ep[dap(S)]-

To prove that these tests are invalid, it then suffices to find any P € Py such that Es[pcym(S)] > « and
Espap(S)] > a. To this end, we consider ¢, = 2, ¢, = 1, {Y|Z = 2} and {X|Z = zp} distributed according
to Bernoulli(0.5). For a = 5%, we get Ep[pcem(S)] = 12.5% and Ep[pap(S)] ~ 12.5%, as desired.

A notable feature of the examples above is that the data are discrete. This naturally raises the question
of whether the validity of these tests can be recovered in settings with continuously distributed data. While

we were unable to establish this result for the AD test, we were able to do so for the CvM test.
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Theorem 6. Let P the space of distributions that satisfy Assumptions 2, 3, and Y|Z = zy and X|Z = zo
are continuously distributed, and let Py be the subset of P such that (2.1) holds. Let o € (0,1) be given,
Tcwm be the CuM test statistic in (C-3), and ¢ovm(+) be the test in (C-5). Then,

limsup Ep[pcym(Sn)] < a (C-6)

n—oo

whenever P € Py.

Proof. This result follows from repeating arguments that prove Theorem 2. The only difference in the proof
is that Theorem 5 is replaced by Theorem 7. B
The previous theorem relies on the following auxiliary result.

Theorem 7. Let S be the random wvariable in Theorem 1 and let Py be as in Theorem 6. Then, for any
P ePy and a € (0,1), we obtain
Ep[pcym(9)] < acvm < @

where
acyM = P {TCVM(U) > Ca,CvM(qy»q)} .

Moreover, the first inequality becomes an equality under P such that Fy (t|z0) = Fx (t|z0) for allt € R.

Proof. For any t € R, consider the CDF
q q
Fﬂf(t) = FYFY|Z:ZO (t) + ?XFX|Z:ZU (t) )

and let Qs denote its corresponding quantile function. Let Qy and Q x are the quantiles functions associated
with Fy(-|z0) and Fx(:|zo), respectively.

Since Y|Z = zg and X|Z = zy are continuously distributed, Fy; is continuous. In turn, this implies that
Q is strictly increasing. By Fy|z—.,(t) < Fx|z=5,(t) for all t € R, we also have

Qy (u) > Qn(u) > Qx(u) Yuc (0,1). (C-7)

For brevity notation, we denote the critical value as ¢o = ca,cvm(qy, q). Then,

Belca(S)
+
Iy (LS rs<s0- L S s <8,
—P{ =S =SS <8y - — 1{8;<58.)| >eca
1.5\ o T j=qy+1

%qy (qiiif{QY(Ui)<QY(Uu)}_cic Z Hex (U;) = Qv (U )>+

Jj= qy+1

q dy +
P Y (RErermser @) - E  10x ) £Qx© })

i=1 J=qy+1
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B dy dy q +
o [| 32 (EE e sonEn-2 5 rew)<ou ) +
u=1 \"? i=1 J=gy+1
=P q day ’ q + | 7 Ca
LY (R Hen @) suu - S 1{Qw ) < Qu (U} )
u=qy+1 T a=1 Jj=qy+1
- +
qy dy qa
J s U <UL - > IH{U; <UL | +
(3) 1 u=1 Qv i=1 & J=aqy+1
2 p | >ea
q 9y q
1 <;21{U1-§Uu}; > I{U}-gm})
L " u=gyt+l \ V=1 ¥ j=qy+1
(6)
Y P {Tom(U) > co} 2 G < (C-8)
where (1) holds by the quantile transformation with (Uy,---,U,) i.i.d. U(0,1), (2) by
{Qy(Ua) < Qx(Up)} C{QmUa) < Qum(Up)} C{Qx(Ua) < Qy(Us)} (C-9)

for all a,b=1,...,q, (3) by the fact that Qs is strictly increasing, and (4), (5), and (6) by the definitions of
Toym and acynv. We now show that (C-9) holds. For any a,b = 1,...,q, suppose that Qy (U,) < Qx (Uyp).
By this and (C-7), we have that Qu(Uy,) < Qv (Us) < @x(Up) < Qun(Uy), which implies that Qas(U,) <
Qr(Up), as desired by the first inclusion. In turn, by this and (C-7), we have that Qx(U,) < Qum(U,) <
Qum(Up) < Qy (Uyp), as desired by the second inclusion.

Since P € Py was arbitrary, (C-8) implies that suppep, Ep[¢cvm(S)] < @ Furthermore, under
Fy (:|z0) = Fx(:|20), we have that Qy = Qx = Qur, and so the inequality (2) in (C-8) holds with equality,
as desired. ®

C.3 Empirical application

In this section, we consider two empirical applications. The first is an RDD in which the target point is
known. The second is a two-independent-sample setting in which the target point is the median of the
conditioning variable and must be estimated from the data. In both applications, the outcome variable
contains ties. These applications therefore illustrate the use of our procedure in settings where the outcome
distributions need not be atomless and, in the second application, where the target conditioning point is

estimated from data.

C.3.1 The effect of retirement on household consumption

We apply our methodology to assess the distributional effect of retirement on household expenditures. Our
empirical analysis follows Battistin et al. (2009) and Shen and Zhang (2016) (SZ, henceforth). As in these
studies, we use data from the 1993-2004 Italian Survey on Household Income and Wealth (SHIW), a re-
peated cross-section survey that covers roughly 8,000 households across more than 3,000 municipalities; see
[dataset] Shen and Zhang (2016). Because the outcomes are survey-reported, they exhibit ties, although the
largest empirical point mass does not exceed 1.3%

We use the SHIW data to evaluate whether retirement shifts the distribution of household expenditures
downward. As SZ explains, this hypothesis can be examined by framing the problem as an RDD, comparing
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the distributions of household expenditures at ages just before and just after retirement. To formulate our
problem, let Z denote the age of the household head, zy the retirement age, ¥ household expenditure before
retirement, and X household expenditure after retirement. Under continuity of the conditional distributions
in the retirement age of the household head, the test of a negative distributional effect of retirement can be

formulated as the following CSD testing problem:
Hy : Fy (t|z0) < Fx(t|z) for all t € R, Hi : Fy (t|z0) > Fx(t|z0) for some t € R . (C-10)

We note that Hy in (C-10) is a special case of (2.1) with Z = {zp}. Following the logic of RDDs, conditioning

on Z = zy is key to controlling for confounding factors.

sample expenditure p-value q p-value q cr, cu

(n) type (KS) (KS) (SZ)  (S7) (KS) (KS)
all households nondurable 22.64 479 13.69 8,739 0 52.30
(26,914) food 86.05 466 71.74 8,739 0 42.10
wife already eligible nondurable 99.55 185 66.72 1,822 0 o0

(4,798) food 85.96 188 99.69 1,414 0 25.70
wife ineligible nondurable 16.14 232 0.15* 1,460 0 00

(7,305) food 13.95 228 3.94% 1,460 0.75  3.60
single men nondurable 43.23 296 65.82 2,884 0 16.30
(9,001) food 41.33 292 31.19 2,537 0 18.60

Table 1: Empirical results for the SHIW data. The table reports p-values and effective sample sizes for our
KS test and the SZ test. All p-values are reported in percent. The last two columns report the sensitivity
analysis for the KS test, where the baseline effective sample sizes (gy,¢,) are rescaled as (cgy,cqz). The
values cy, and ¢y are the lower and upper breakpoints at which the 10% test decision changes relative to the
baseline choice ¢ = 1. Values of 0 and oo indicate no change below or above ¢ = 1, respectively, over the
range considered. The symbol * denotes rejection at the 10% level.

Table 1 reports the results of implementing the test in (C-10) using both our methodology (KS) and the
procedure proposed by SZ. Following SZ, we consider expenditures on nondurables and food, and we report
results for four samples: the full sample, the subsample of households with wives eligible for retirement,
the subsample of households with wives not yet eligible for retirement, and the subsample of households
consisting of single men. The table presents the p-values for both tests and their corresponding effective
sample sizes. While our test (KS) does not reject Hy across all subsamples and expenditures, SZ rejects
Hj for both nondurable and food expenditures (at the 1% and 5% levels, respectively) for the subsample of
households in which the wife is ineligible for retirement. Consistent with our simulation evidence, the SZ

test uses substantially larger effective sample sizes than our KS test.

Furthermore, the last two columns of Table 1 report a sensitivity analysis with respect to the choice of
effective sample sizes. Given the baseline choice (gy,¢,) computed by our rule of thumb, we rerun the test
using (cgy, c¢z), where ¢ > 0 is a common scaling factor that varies over an evenly spaced grid with step size
0.05. The lower breakpoint cy, is the first grid point below 1 at which the 10% test decision changes, while
the upper breakpoint ¢y is defined analogously above 1. Except for food expenditure in the wife ineligible
subsample, the interval [cy,, cy] is wide, with ¢, = 0 and ¢y ranging from 16.30 to co, indicating that the
empirical conclusions are robust to the choice of effective sample sizes. For food expenditure in the wife
ineligible subsample, the interval is narrower, [0.75,3.60], implying that the rejection at the 10% level is
somewhat more sensitive to the choice of effective sample sizes, although the conclusion remains unchanged

over a substantial range around the baseline choice.
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C.3.2 The effect of class size on student achievement

We next illustrate our methodology using data from the Tennessee Student/Teacher Achievement Ratio
(STAR) experiment; see [dataset] Achilles et al. (2008). Following Qu and Yoon (2015), we study the
distributional effect of class size on student achievement conditional on teacher experience. The target
conditioning point is chosen as the median teacher experience and estimated by its sample analogue. Our
analysis focuses on conditional first-order stochastic dominance of the outcome distributions at this target

value, rather than the conditional quantile treatment effects considered by Qu and Yoon (2015).

Let Y and X denote the student achievement scores of students assigned to small and regular classes,
respectively, and let Z denote teacher experience, measured in years. We consider three achievement out-
comes: reading scores, mathematics scores, and their sum. All three outcomes are integer-valued, so ties
arise naturally in the recorded outcomes. Table 3 reports the largest empirical point masses in both the full
samples and the effective samples used by our test. Following Qu and Yoon (2015), we estimate the median

teacher experience by its sample analogue. We consider both dominance directions:

Hy : Fy(t]z) < Fx(t|z)forallt e R, H; : Fy(t|z) > Fx(t|z) for some t € R,

(C-11)
Hy : Fx(t|z0) < Fy(t|z) forallt e R, Hy : Fx(t|z0) > Fy(t| 2o) for some t € R.

Here, H; corresponds to the hypothesis that small classes first-order stochastically dominate regular classes,

while H corresponds to the reverse dominance hypothesis.

null  outcome  Gsmall Gregular  Msmall  Tregular P-value c¢p  cy
flf sum 94 98 301 338 09_ ‘365 8 -
g(j reading 93 96 302 338 09. 259 0(_)6 z
gg math 95 101 301 339 0935? 8 z

Table 2: Empirical results for the Project STAR data. The table reports p-values for the two dominance
hypotheses in (C-11). All p-values are reported as percentages. We consider three outcomes: reading, math,
and their sum. The effective sample sizes (¢small; Gregular) are rescaled as (¢gsmall, CGregular) in the sensitivity
analysis. The values ¢y, and ¢y are the lower and upper breakpoints at which the 10% test decision changes
relative to the baseline choice ¢ = 1. Values of 0 and oo indicate no change below or above ¢ = 1, respectively,
over the range considered. The symbol * denotes rejection at the 10% level.

Table 2 reports the results for both dominance directions and all three outcomes. For the sum of reading
and math scores, we do not reject the hypothesis that the conditional distribution of student achievement in
small classes first-order stochastically dominates that in regular classes; the corresponding p-value is 95.5%.
By contrast, the reverse dominance hypothesis is rejected at the 10% level, with a p-value of 0.06%. The
same qualitative conclusion holds for reading and math scores separately: ng is not rejected, whereas H,
is rejected at the 1% level for both outcomes. These results provide evidence that, conditional on median
teacher experience, the distribution of student achievement under small classes first-order stochastically
dominates that under regular classes. The last two columns of Table 2 report the same sensitivity analysis
as in the previous application. For five of the six outcome—hypothesis combinations, the breakpoints satisfy
¢, = 0 and ¢y = oo. For the reverse dominance hypothesis for reading, ¢;, = 0.6 and ¢y = oco. Thus, the

conclusions are unchanged over a wide range of effective sample sizes around the baseline choice.
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Outcome  Class  Sample q n Score Count Largest point mass (%)

reading small full - 1,739 434 48 2.8
reading  regular full - 2,006 419 57 2.8
reading small  effective 93 - 434 6 6.5
reading  regular effective 96 - 398 and 413 5 each 5.2
math small full - 1,762 489 87 4.9
math regular full - 2,032 478 100 4.9
math small  effective 95 - 500 7 7.4
math regular effective 101 - 449 10 9.9

Table 3: Largest empirical point masses in the full and effective samples for the reading and mathematics
scores. Score denotes the score attaining the maximum observed frequency, and Count denotes the corre-
sponding frequency.

C.4 Details on the Simulations and the data dependent rule for q

The parameter values used in the simulations of Section 6 are reported in the following tables. The parameters
for Designs 1-4 are summarized in Table 4, those for Designs 5-7 in Table 5, and the parameter values for

case (d)—power results—in Table 6. Table 7 reports the mean values of g;; and ¢ across simulations.

C.4.1 Details on the implementation of the data dependent rule for ¢

Here we also discuss some numerical details on the implementation of the data dependent rule for ¢ introduced
n (5.4) and (5.5). We do this for a generic sample {(W;, Z;) : 1 <14 < n}, suppressing the sample-specific Y’
and X subscripts. Let fiz be the sample median, 65 = IQR(Z)/(2®~1(3/4)), fo = iy .65 (2n), and

. 1 .
Cz=F—7— Cw(p) = o

1
67/1—p2 V2

For |p| < 1, define

20 2/3
() ::2_1/3<éz/2f€%éw<p>> C ) i= max {gmin, [0 Pn()] - (C12)

Our codes uses ¢min = 10 and p = sgn(p) min{|p|,0.99}, where p = sin(w7/2) and 7 is Kendall’s rank
correlation. Thus p € [—0.99,0.99]. The implementation rounds upward and imposes the lower bound gpip.

The rule has a deterministic O(n'/2) envelope. Since Cw(p) > 0, fo < (6zv2m)"!, and Cy =

(63v3me) T,
N\ 2/3 1/3
L (872 1
én(p) < 271/3 (?) < (66> —: K~ 2.4012 .
VA ™

Consequently,
Qn(p> < qn = maX{Qmim |—I<JTL1/2—|} . (0'13)

Hence ¢, = 0(n2/3) and the envelope in Assumption 5 holds with n, = 0. If §, =< n~1/2, then /.0, =
O(n=1/%), so the growth conditions in (4.7) hold.

The rank correlation p in (5.4)—(5.5) depends on the outcomes, so estimating it from the full sample is
not A-measurable and the resulting rule does not satisfy Assumption 5. As anticipated in Section 5.1, we
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therefore estimate p from the observations that cannot enter the test neighborhood. Let the pilot size be
Mo = @n, with g, as in (C-13), and let My contain the mg observations closest to Z,, breaking distance ties
by an A-measurable rule. We estimate Kendall’s correlation from {(W;, Z;) : i ¢ My}, transform and clip it
to obtain pi,, and set g, = qn(P10). Since ¢, < G, = Mo, the selected neighborhood is contained in My, so

the outcomes that determine the test observations and those used to compute pj, are disjoint.

This construction meets the requirement of Theorem 3 under a minor extension. Define
Gn :A\/O'{Wi Z¢ Mo} R

taking the join of the corresponding o-fields for the two samples. While ¢, is strictly speaking not .A-
measurable, it is indeed G,-measurable. The selected indices are also G,-measurable, while the selected
outcomes are not included in G,, and, conditional on G,,, remain mutually independent with conditional laws
Py, z,. The conditional product representation (A-7) therefore continues to hold with G, in place of A, and
the proof of Theorem 3 extends by conditioning on G,. Because my = O(n'/?), the leave-out step discards
only a vanishing fraction of the sample, so jj, and the full-sample estimate have the same probability limit
under standard regularity conditions. In finite samples the rules based on the leave-out and full-sample
estimates are numerically very close; we compute both and report them side by side in the robustness checks

below.

A simpler A-measurable alternative sets p = 0: since Cy (p) > Cyw (0) = 0 gives gn(p) < ¢n(0), this
dispenses with the leave-out step and yields the largest tuning parameter in the family we consider, at the
cost of ignoring the estimated dependence. We report both this variant and the full-sample rule in the

robustness checks below.

Design uy (2) ux(2) oy (Z) ox(Z2) Uuv 20
la z z P 22 N(0,1) 0.5
1b 1.05z 2 2> 2> N(0,1) 0.5
Ic 2 z 22 2* N(0,1) 0.25,0.75
2a 2 27+ 0.25 27 22 N(0,1) 0.5
2b 1.05z 0.5z +0.25 22 2* N(0,1) 0.5
2c z 2z — (2 —0.25)(z — 0.75) 22 22 N(0,1) 0.25,0.75
3a z z 22 22 UJo0,1] 0.5
3b 2+ 0.127 2 0.952° 22 U[0,1] 0.5
3c z 2 2? 22 U0,1]  0.25,0.75
4a w(z) w(z) 1 1 N(0,1) 0
4b w(z) +0.1 w(z) 1 1 N(0,1) 0
4c wu(z) w(z) 1 1 N(0,1) -0.5,0.5

Table 4: Parameter values for the continuously distributed designs. Designs 1 to 3 are based on the location-scale
model in (6.1), while Designs 4 is based on the RDD model in (6.3).

C.4.2 Robustness checks

In this appendix, we assess the sensitivity of our procedure to three choices: the sample size, the nominal
level, and the rule used to select the tuning parameters (g, ¢;). We consider Design 4 (continuous, RDD) and
Design 7 (discrete, binomial) from Section 6, together with v € {0.05,0.10} and three g-selection rules: the
data-dependent rule proposed in the paper (leave-out); a version of the same rule that estimates p without
leaving observations out (full); and a variant that ignores the estimated dependence altogether by imposing
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Design py(2) wpx(z) ov(Z2) ox(Z2) UV 2
5a 0 0 22 P C-logN 0.5
5b 0 0 1.0522 22 C-logN 0.5
5¢ 0 0 22 22 C-logN  0.25, 0.75
6a 0 - - - discrete 0.5
6b 1 - - - discrete 0.5
6¢ 0 - - - discrete  0.25, 0.75
Ta 0 - - - Binomial 0.5
b 1 - - - Binomial 0.5
7c 0 - - - Binomial 0.25, 0.75

Table 5: Parameter values for the discrete and mixed designs. Designs 5 is based on the location-scale model in
(6.1), while Designs 6 and 7 are discrete designs as described in the main text.

Design  py(2) ux(z) oy(Z) ox(Z) U,V Ze
1d 0.95z2 2 P P N(0,1) 0.5
2d z 0.6z +0.25 22 2* N(0,1) 0.5
3d 2 2 0.9022 22 Ulo,1] 0.5
4d w(z) w(z) 0.5 4 22 1 N(0,1) 0
5d 0 0 0.9022 2?2 C-logN 0.5
6d -1/2 - - - discrete 0.5

7d -1 - - - Binomial 0.5

Table 6: Parameter values for all designs under the alternative hypothesis H;.

p =0 (rho0). We further consider two additional sample sizes (n = 500 and n = 2,000, alongside the paper’s
n = 1,000) and two unbalanced sample sizes, (n,, n;) = (500,1,500) and (1,500, 500).

Table 8 reports rejection rates under Hy and Table 9 under Hy, with MC = 10,000 replications per
cell. Each cell reports the rejection rate (%) under the three g-rules, separated by slashes, in the order
full/leave-out/rho0.

The results confirm the conclusions in the main text. For Design 4, size is controlled closely at both
nominal levels and across all sample sizes, and the choice of g-rule is essentially immaterial: the dependence
between the outcome and the running variable is weak in this design, so p is close to zero regardless of how
it is estimated, and the three rules select nearly identical values of gq. For Design 7, rejection rates under
Hjy remain below the nominal level throughout — the test never over-rejects in this grid — and the default
rule is conservative, as in the main text; the refined critical value brings rejection rates closer to the nominal
level. Imposing p = 0 increases ¢ substantially, which improves power. Overall, the procedure’s size and
power properties are robust to the sample size, the nominal level, and reasonable variation in how the tuning
parameter is selected.

C.4.3 Finite-sample effects of estimating the conditioning point

We investigate the finite-sample effects of estimating the conditioning point using two designs based on
Designs 1 and 2 of Section 6. In both, Z ~ Beta(2,2), the two samples are independent with n, = n, = n,
the conditioning point is the median of Z, zg = 1/2, and Z,, is the sample median of the pooled Z observations.
The tuning parameters (gy,q,) are chosen by the rule in Section 5.1, evaluated at the same point used to
select the nearest neighbors.

As before, Design (Dla) is such that Fy(-|z) = Fx(-|z) at every z and the null hypothesis in (2.1)
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Design

a b C a b C a b c a b C
q; 46.34 45.53 29.28 46.32 45.53 29.27 21.25 20.09 15.17 52.00 51.97 40.22
¢y 46.33  46.34 29.28 48.36  56.79 29.18 21.25 21.26 15.17 52.35 52.35 40.22
Design 5 6 v
a b C a b C a b c

gy 39.18 39.18 25.94 66.88 74.26 37.72 33.10 33.85 22.60 - - -
g¢» 39.16 39.20 25.92 66.92 66.90 37.74 33.11  33.11 22.59 - — —

Table 7: Mean values of qy and gy across simulations: n = 1,000, a = 10%, MC = 10, 000.

(ny,ne) D4 a=.05 D4 a=.10 D7 a=.05 def D7 a=.05ref D7 a=.10def D7 a=.10 ref
(500,500)  5.1/5.1/4.8  9.7/9.7/74 1.6/1.6/1.3  2.6/2.9/14  3.5/3.7/25  4.8/4.8/6.6
(1000,1000) 4.8/4.8/3.4  9.6/9.4/7.5 1.4/15/1.1  2.3/2.4/2.6  3.5/3.4/2.6  4.8/4.7/3.9

(2000,2000)  4.9/5.1/4.9  9.8/9.6/9.3 1.6/1.5/1.5  2.1/2.1/1.5  3.2/3.1/3.1  4.5/4.6/3.2
(500,1500)  5.2/5.2/5.3 10.4/10.3/10.4  1.6/1.4/1.5  2.4/2.3/26  3.6/3.8/3.3  5.8/5.9/5.9
(1500,500)  4.5/4.5/4.6  9.4/9.6/9.6 1.6/1.6/1.4  24/25/28  3.3/35/35  5.7/58/5.9

Table 8: Rejection rates (%) under Hy for Designs 4 (RDD) and 7 (binomial), a € {.05,.10}, default and refined
critical values (D7 only), MC = 10,000. Each cell reports full/leaveout/rho0, the rejection rate under the three
g-selection rules.

Ny, N ) D4 a=.05 D4 a=.10 D7 a=.05 def D7 a=.05ref D7 a=.10def D7 a=.10 ref

(

(500,500)  36.0/35.9/35.7 53.3/53.0/46.2  9.1/8.4/16.7  13.3/12.9/16.9 16.1/15.8/23.6 20.1/19.3/31.1
(1000,1000)  52.6/52.3/46.3 69.1/69.1/64.5 12.2/12.3/19.8 15.3/15.0/32.6 21.5/21.1/32.6 26.9/26.6/40.0
(2000,2000)  72.4/72.2/73.9 85.3/85.3/85.2 15.8/15.5/34.4 20.4/20.1/34.7 25.4/25.1/47.0 32.9/32.3/47.3
(500,1500)  35.6/35.7/36.5 53.0/53.2/54.5 10.8/10.7/21.8 15.0/14.7/29.0 19.2/19.4/33.4  26.3/26.0/44.1
(1500,500)  36.4/36.3/37.7 52.7/52.5/53.4 10.9/11.0/22.0 14.7/14.9/30.5 19.2/19.1/33.7 26.2/26.5/44.5

Table 9: Rejection rates (%) under Hy for Designs 4 (RDD) and 7 (binomial), a € {.05,.10}, default and refined
critical values (D7 only), MC = 10,000. Each cell reports full/leaveout/rho0, the rejection rate under the three
g-selection rules.

holds with equality at every conditioning point. In Design (D1b) the null hypothesis holds in its interior.
In Design (D1d) the null hypothesis is violated at every z. The second design (D2a) sets uy(2) = z and
paz(2) = 2% 4+ 1/4, so that p,(2) — py(z) = (2 — 1/2)? with equal conditional variances. The null hypothesis
then holds, with equality, only at zp = 1/2, and is violated at every other conditioning point. This is the
most demanding configuration for an estimated conditioning point: any deviation of 2, from z; centers
the neighborhoods at points where the null hypothesis fails. Table 10 reports the rejection rates at a =
10% using the known conditioning point zy versus the estimated Z (pooled sample median of Z), for n =
500, 1,000, 2,000. Dla/D1b/D2a report size, D1d reports power. Mean |Z — zp| measures how well the
estimated center concentrates around the true one as n grows.
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